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8.20 . .
(<:)2 (f - )\Zd)BeB = glgeg — )\ZdBeB = 53%3 — Al

is not invertible for any basis B of V'
<= )\ is an eigenvalue of /5, 5 for all bases B of V'
— det((€ — )\z’d)&_lg) =0 for all bases B of V
< det({ —\id) =0

VL23
S
Example 8.31. (a) The rotation d € L(R? R?) from Example 8.3 (e) has the determin-
ant 1 since the associated matrix representation(8.12) w.r.t. the standard basis B in
R
- - cosgp —simp\ 9 . 2
> > det(d) = det(dg.5) = det (Sin@ cos > = (cos @) + (sinp)? = 1.
A For F = R, we only find eigenvalues and eigenvector if ¢ is an integer multiple of
7. For example, for ¢ = 7, we have d = —id and hence each vector in R? is an
eigenvector for the eigenvalue A = —1.

b

(b) For the orthogonal projection proj. € L(R* R3) onto the line G := Span(n) and both
variants

projgp = td — projq and reflp = td — 2 proj.
from Example 8.7, 8.9, 8.14 (f) and 8.17 (a), we find with the help of equation (8.13):

@o o
det(projg) =det (0 @) 0] =0 (f"‘Jc s u..}‘
00 Cotadibl,

Using Example 8.17 (a), we get:

~NY0 0
det( prow = det @ O =0 and det(reflg) = det 2 0| =-1.

0 0D
E"jnVl\L‘:s
Erzo-.vcalwr ;-v a;?...vyé‘(_ 1:
zr fm)c = é\{a}
%r ra:)E - E\’O}

(:F'/' J".}'é = E\ jak ,

For proj, each vector from G is an eigenvector for the eigenvalue 1, and each vector

.Sfec({*tﬂg) = 5—/0, ,1}
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from FE is an eigenvector for the eigenvalue 0 since E is the kernel of proj. For projg
we have the same with G <+ E. For reflg each vector from G is an eigenvector for the
eigenvalue —1, and each vector from F is an eigenvector for the eigenvalue 1.

Summary

e A map / from one F-vector space V' to another F-vector space W is called [inear if
Ux+y)=L(x)+{(y) and l(ax) = al(x) for all x,y € V and o € F. We write:
e L(V,W).

e Linear maps £(V, W) can be added and scaled with « € F. Hence, L(V, W) gets an
[F-vector space.

e The composition k o ¢ of linear maps ¢ : U — V and k : V — W is linear.

e The inverse map of a bijective linear map is again linear. Therefore a bijective linear
map is called an isomorphism.

e Each linear map ¢ € L(V, W), between finite dimensional vector spaces V' and W,
can be identified with a matrix. In order to do this, choose a basis B = (by,...,b,)
in V and a basis C = (cy,...,¢,) in W. Be using the basis isomorphisms ¢z and
®c, we get a linear map F* — F™. Such a linear map is also represented by a m xn
matrix le. g = (£(by)¢ - -+ £(b,)¢). Tt is called the matriz representation of £ w.r.t.
B and C.

e The matrix representation of k + ¢ is the sum of both matrix representations.

e The matrix representation of o is o times the matrix representation of /.

e The matrix representation of k o £ is the product of both matrix representations.
e The matrix representation of /=1 is the inverse of the matrix representation of £.
e Kernel and range of a linear map ¢ can be calculated by ¢, 5.

e By changing the basis of V' from B to B’ and changing the basis of W from C to C’,
the matrix representation of ¢ : V' — W changes from (¢, 5 to {er p. In this case,
we have (e g = Terc leen Tpepr-

e We call two matrices A and B equivalent and write A ~ B if there are invertible
matrices S and T with B = SAT.

e We have A ~ B if and only if rank(A) = rank(B).

e For the special case £ : V — V', one often chooses the same basis B left and right.
How does the matrix ¢z, 5 change when changing the basis B to B’? Then, we have
S =T~! in the formula above.

e Two matrices A and B are called similar and one writes A ~ B if there is an
invertible matrix T with B = T 1AT.

e From A ~ B follows det(A) = det(B) and spec(A) = spec(B) but the converse is
in general false.

e det(/) for a linear map ¢ : V — V is defined by det(¢s. 5) for any basis B in V.
e )\ € Fisan eigenvalue of £ :V — V if {(x) = Ax for some x € V' \ {o}.
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9.1 Jordan normal form \

ﬂ-ésur

QJHV‘CC‘\"S

We are searching for the best substitute of the usual diagonalisation A = X DX ! such
that it works for all matrices A € C"*". A good thing would be to use a triangular matrix
instead of D if A is not diagonalisable. The next Proposition tells us that we only need

some 1s above the diagonal: ( ~
D= X AX)
(A.ajonal(i.l\/”l- <;‘> S”M’(Af *iLb J;a‘jhul IMl«."n')C

M’_“i'- ERJ'- /AQ G:Mh. (> 51’»-:"«!‘ “‘D a *’n’m,‘.}k(u l«q,('n')(

33
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| Proposition & Definition 9.1. Jordan normal form

Let A € C™™ with pairwise different eigenvalues Ay,..., A € C, where oy, ..., a;
denote the corresponding algebraic multiplicities and 1, ...,7, the corresponding
geometric multiplicities. Then, there is an invertible matriz X € C"*" such that

A=XJX! or equivalently X1AX =J

J”‘-/,J
W

L

\) N

and J € C™*" has the following block diagonal form:

Ji
J pu—
J,

J is called a Jordan normal form (JNF) of A. The entries J; are again block
matrices, which are called Jordan blocks, and have the following structure:

f
Ji ‘l’ur cadl
J,L' = °q c (C%X& Kbh‘w“l‘« )l'.
’ J ’ O ()QJ\
2,4 ‘ﬂl". ﬂ%‘ d"‘
where the matrices J;, are called Jordan boxes and have the following form:
Ao 1
Yy ~
Jzez 1 J"l—(z")
e
Ai
Note that J;y could also be a 1 x 1-matriz.
—

E’_QL‘ Ll/‘uul-w-el (["ol- casy ! )
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Example 9.2. If you have a matrix A € C?*° and find an invertible matrix X with
A= X_ZT,X_1 such that
‘ 9‘4 = 4‘

=~ =
[

I
ke

)
P

J 2
=~ ' s 1
J1 -3

-3

then you immediately find the following informations for A:

. S‘fcc(A): f(f,‘3§ | <=5 ( °£.,_= ¢

* Two  Loxes 7[»— Aa b’,,: Z
—
‘ Tme ‘dktg’ ,Frf ;‘1_: )’1_ = 3
T

/'\‘\-——> \J L heed s re (:h/-fh- 0";-" .”“""‘ ol Y bri

On the other hand, we learn that J is not determined solely by eigenvalues and multipli-
cities because also the matrix

(T
4 1
\ 4

()—_— 44j

would fit to these parameters above

)\]_:47 CY]_:5,P)/]_:2) )\2:_37 042:4772:3‘ ‘H‘Ikﬂ;.fh

Coveklle C
\ weH, \l
J'ont st b I (C)'20C )
EX"“ L \ZQLF. Co‘....u
01, 24 0C,c, o Cra G Gy o
)
% ~ a}é o Since gg:; g;:' g = C:: Cil Cf,, C:"

oo 0 C‘-MCc,'L 0 6 o o o
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> frrt of A gt

Construction of J and X: How and why?

First we need the eigenvalues Aq,..., A, of A because on a triangular matrix they have
to be on the diagonal counted with the algebraic multiplicities. So we also determine
ai,...,a.. For each \;, we do the following procedure.

Rule of thumb: Treat the problem for all Xz separately.

FEach \; has its own Jordan block J; and corresponding columns in X. Therefore,
we can deal with the problem for each eigenvalue separately and put it together in
the end.

Since A ~ J, we already know that the characteristic polynomial of A and J coincide
(cf. Proposition 6.26). Hence, both matrices have the same eigenvalues with the same
algebraic multiplicities. They have to be on the diagonal of J by Proposition 6.9.

Size of J;

The Jordan block J; for the eigenvalue \; has the size a; X a; because we need \; as
often on the diagonal of J as the algebraic multiplicity says.

The n columns of X have to be linearly independent vectors from C" in order that X is
invertible. Just looking at the a; x a;-block J;, we need «; columns from this matrix X.
How to get them?

Recall that for the diagonalisation, in the case that A is diagonalisable, we had enough
eigenvectors corresponding to the eigenvalue );, which means vectors from Ker(A — \;1).
We could choose them as a linearly independent family because ———

dlm(Ker(A = )\z]l)) =Y 2[062 Jl:';ahq(‘rq.‘\h

In the case/y; < a; (which means A is not diagonalisable), we are missing some columns
in X.

To shorten everything: (A —X N1 =: N

Let us look at an example with a; = 8 and 7; = 4. Choose x4, ...,x, € Ker(/N), which
are eigenvectors of A.
Ker(N)

dimension: 4 = ;

X1,1 X921 X3,1 X4,1

We need a; = 8 linearly independent vectors for X but at this point we only have ~; = 4.
How to get the missing four vectors?

Answer: Since we have not found enough vectors in the kernel of NV, we can look at the
kernels of N2, N3, ... until we have found 8 vectors in total. Clearly:

Ker(N) C Ker(N?) € Ker(N?) C ---, since Nx =0 = N’x= N(Nx)=o, ...

Recall: Ker(V) has the dimension v; = 4. Suppose that Ker(N 2) is of dimension 7 and
that Ker(N?) has dimension® = «;. The difference

d, = dim(Ker(N*)) — dim(Ker(N*~1))

A4 =t (b’") dﬁ/l& ‘ JJ: g
(A"ﬁhvtd'd\f‘-" ylkf.ral\‘xyl %c.va./m—: o) Nh}?z ar 3
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of the dimensions shows us where to find the four missing vectors. Elements from the
spaces Ker(NF) are called generalised eigenvectors. To be more clear, we call an element
from Ker(N*)\ Ker(N*~1) a generalised eigenvector of rank k. In this sense, the ordinary
eigenvectors are now generalised eigenvector of rank 1.

,,L/.i-.,- Carusf--u‘ ‘Lb ‘o}(c.f

_I Box 9.3. Levels and Jordan chains | //
Ker(N?) 3rd level
dimension: 8 = q;
dy =8— 7=l
Ker(N?) 2nd level
dimension: T .
d2 = 7 - 4 = 3 E
Ker(N') : 1st level
dimension: & = ; 7!
——

As you can see in the picture, the vectors form “chains”; from top to bottom. We call each
of these sequences a Jordan chain and it will be related to a Jordan box.

_I Box 9.4. Number and size of the Jordan boxes |

FEach Jordan chain ends at an ordinary eigenvector x;; € Ker(N). Therefore, we
have exactly ~; Jordan boxes inside the chosen Jordan block J;. The length of a
Jordan chain is the size of the corresponding Jordan box. All sizes add up to a;
(here: 8), which is exactly the size of the Jordan block J;.

Looking at our example, we have 4 Jordan boxes of size 3, 2, 2 and 1. Hence:

Ai

1
. Ao 1 Ao 1 8x8

At this point, we now know the whole block J;. The next step is to find the corresponding
columns of X, which means that we have to calculate the generalised eigenvectors x; :

Box 9.5. Generalised eigenvectors: Start the Jordan chain

The starting point X, i, for the jth Jordan chain can be chose in an almost arbitrary
way from the kth level: Let x;; € Ker(N*), but

Xk & Spar‘Ker(Nk_l)‘J'{xl,k, O Xjo1k} ), (9.1)

where Xy g, ...,Xj_1) are the vectors from the chains before, 1 to j — 1, which lie
on the same level k. Now you can build the whole chain to the bottom x;,. We just
have to multiply with N in each step:

For x € Ker(N*), we have Nx € Ker(N*71) since o = N*¥x = N*"}(Nx).

Note that equation (9.1) guarantees that all generalised eigenvectors on the kth level are
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&' Gom,
linearly independent and that the linear independence remains on the levels be\&. All 2
these a; generalised eigenvectors are put as columns into X. X _ ( X| X‘ >
. - AA gv ° 7
Box 9.6. Columns of X regarding \; [

Let X; € C"*% the matrix with columns filled out from left to right:

Ist Jordan chain (bottom to top), ..., vith Jordan chain (bottom to top).

FOI' our example, JEhlS means: Xl = (X171,X1,2,X1’3, X271,X272, X371,X3’2, X471) € Cnx8.
After we did the whole procedure for all eigenvalues A1, ..., A, the only thing that remains
is:

Put everything together
S
J = e cvm and e — (Xl,...,X,,) c Ccmm, (9.2)
oI

This is all. Let us summarise the whole story:

| Algorithm for calculating a Jordan normal form of A

Given: An arbitrary matric A € C"*"™,
Wanted: Jordan normal form J and X in C™" with A = XJX !

Algorithm
e Calculate all eigenvalues Ay, ..., N\ (pairwise distinct) of A
and the algebraic multiplicities ay, . . ., Q.
o fori=1,...,r:

Set N .= A — \1.

Calculate Ker(N), Ker(N?), ..., Ker(N™) to dim(-) = ;.
Calculate all dy, := dim(Ker(N*)) — dim(Ker(N*1)).
Draw the levels 1,...,m and Jordan chains. (Box 9.3)
Write down the Jordan block J;. (Box 9.4)

Calculate all generalised é@qrenvectors. (Box 9.5)

Define X; with all generalised eigenvectors. (Box 9.6)

e Set J:=Diag(J1,...,Jy) and X := (X1,...,X,) as in (9.2).

Why does this work? Let us look at the X-columns regarding one Jordan chain and its
corresponding Jordan box. Choose the first chain from our example.
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o X .
XA,z_'; v L Je “ymvecker
mm—
/ x/,;;[\/xm'
AS‘ /(VJ ’ < s v

The chain was given by x;9 = Nx;3 and x;; = NX; 2. In this way, we get.

X192 = Nx13= (A - NL)x13 = Ax;3 — \iX13, hence Axys +x2 + A\ixy3
- — —

and X11 = NXLQ = (A - AiIL)Xl,Q = AXLQ - )\iXLQ, hence AXLQ :1-)(171 + /\Z‘XLQ.

In summary:

| | | [ [ I [ | I
A(X},I X},z X},a = A)Tl,l A>I{1,2 A>IC1,3 = >\i}lcl,1 X1,1 +I)\¢X1,2 X1,2 +I)\z‘X1,3

L) (s I
= Xill,l X%,2 X%,3 Al | = X%,l X%,2 X},3 Jin.
\

2

By using the definition of the Jordan chain, we get the 1s above the diagonal in the matrix
Ji1. Only at the ordinary eigenvectors (here: x;;), the chain stops. There, you do not
find a 1 but only \; since Ax;; = A\;jxq 1.

By putting all Jordan boxes together into a Jordan block, we get 7; equations (one per
Jordan box), given by

A(xjn o Xie) = (X1 Xz Xk) Jigs  J=1..,7%,
one matrix equation AX; = X;J; for the ith Jordan block.

u ¥ ﬂ“‘l

L —

The final assembling, cf. (9.2), of the Jordan blocks J; to the whole matrix J gives us
then AX = X J, which is exactly the factorisation A = X JX 1.

Now let us practise:

N
= DE

O
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(2 5 ) e (757 55)

-A

[t \
| [(9"‘)(;7\)(2%) - (A;_ﬂ_)} [ ]
v e}
CRINVEDRVERIC)

Example 9.7. Let

o RO OO
- O O O

e The characteristic polynomial is
det(A — A1) = (4 — N)2(1 — \)2.
We see that \; = 4 with ay = 3 and Ay = 1 with/ap = 2.

e Let us start the work (and fun) with the eigenvalue A\; = 4. For the matrix

) o_1 0 o

0 J—3' 0 0 O

N =A-Ml=A-4L = |@Q 0 @ 0 0

0 0 O |—3s 0

0O 0 0 0 0

we get (after solving the LES Nx = o) that /k\ /i

) fv“ V'M"uu:.;

-4 0
KGT(N) = {X = (—373,07{1’}3,071'5)—'— 13, x5 € (C} = SPhan (8] @
~ / 117\

o
o A4

00000
0@ 0 00
N2=|0 000 0 (57«.4,‘ e a:»‘j,;../,..c_’)
00 0]9)0
00 000
and we get: T /l\ /r
5“ V"“‘\Q‘“f A 2 s
0 6
2 T o
Ker(N®) = {x = (21,0,23,0,25) " : 21,235,025 € C} = JJ‘M 6 p 1 AE
6 6 o
0 0 1
—— T —

From this, we conclude dim(Ker(N?)) = 3. Now we have reached the algebraic
multiplicity a; = 3 and do not need to consider any higher powers of N, hence m = 2.

e For the differences of the dimension, we get

dy := dim(Ker(N')) — dim(Ker(N%) =2 - 0 = 2,
do := dim(Ker(N?)) — dim(Ker(N')) =3 -2 =1

Note that Ker(N?) = Ker(1) = {0} always have dimension 0.
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e We have m = 2 levels whereas the second level owns ds = 1 vectors and the first level
has d; = 2 vectors:

2nd level:< X1 9

)

1st level: X1,1 X211

e Since we have a Jordan chain with length 2 and another one with length 1, we know
that the first Jordan block J; has two Jordan blocks with different sizes:

4 1

J1: O 4)

(4
° A /1 /,
(u . _ 6 0 o
boose X o= 0 / o=\ o = | -4
& 0 o6
—_— ¢

(f"')nv-cclv-/,l

e We have finished the second chain and can give the matrix

1 1 0

0 0

X1 = (X1,1 X1,2 X2,1> =1-100
0 0 0

0 0 1

Now, we have done everything for the eigenvalue A\; = 4. Next thing is the eigenvalue
Ao = 1.

e For the matrix

4 0100
0 0000
N:=A-X1 =A-11=|[-10 2 0 0
0 0000
0 000 3

we get (after solving Nx = o) that

Ker(N) = {x = (0,22,0,24,0)" : 29,24 € C}

and hence v, = dim(Ker(N)) = 2. Since ay = 2, we do not need to calculate higher
powers of N and set m = 1.
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We denote

d; = dim(Ker(N')) — dim(Ker(N°)) =2—-0=2 ...

...and get a bit boring picture with only m = 1 level and d; = 2 vectors:

| st level: ‘ X111 X21 ‘

Here, we see two chains with length 1.

The Jordan block Js has two Jordan boxes of size 1 and looks like:

(1)

Let us determine the generalised eigenvectors: x; 1 comes from Ker(N')\ Ker(N?) and
we could choose x; 1 = (0,1,0,0,0)". Now, for the second chain, choose x5, € Ker(N?)
such that is not given by a linear combination of vectors from Ker(N%) U {x;,} =
{o,x11}, cf. (9.1). Let us set xo; = (0,0,0,1,0)".

Hence, we have the matrix

Xy = (Xl,l X2,1) =

S OO = O
o= O OO

and also finished the work for the eigenvalue .

In summary, we get:

1 1 0[]0 0
7 0 0010
J:(lj): and X = (X, %) = [~1 0 0/0 0f,
? 0 00[0 1
0 0 1[0 0
hence, A = XJX 1.
AKX
Corollary 9.8. Eigenvalues give determinant and trace
For A € C™" let \1,..., )\, be the eigenvalues counted with algebraic multiplicities.

Then " n
‘ det(A) =[N and tr(A) ="\,
1=1 =1

where tr(A) := Z?:l aj; s the sum of the diagomal, the so-rutted trace of A.




