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Question:

Are there bases B' and C' in V' and W, respectively, such that A’ is the matrix

representation of £,
A = éC’eB’?

coordinate vector w.r.t. coordinate vector w.r.t.
basis B in V basis C in W
C
xB leep=A ((x)
) > e
N
F» Fm

equivalence

T|Tses A — SAT Terec | S
Fm ? ™
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gC’(—B’ =A Vv
) > e

! H H /

XB with nice structure E(X)C

coordinate vector w.r.t. coordinate vector w.r.t.

basis B’ in V basis C' in W

We already know, cf. (8.16),

beep = Toreg leen Tpep = SAT.
\,5/ T ——
=8 =

Choosing all possible bases B’ and C’ in V' and W, respectively, we get all possible invert-
ible matrices S and T and hence with f¢ g all matrices that are equivalent to A:

Proposition & Definition 8.19. Equivalent matrices

A matrig B € F™*" is called equivalent to another matriz A € F™*™ if there are
wnvertible matrices S € F™*™ and T € F™*" with

B = SAT.

In this case, we write B ~ A. For arbitrary matrices A, B, C' € F™*™ the following
holds:

ANA) A~B = B~A, A~BAB~C = A~C.

Equivalent matrices describe the same linear map, just with respect to different bases.
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In particular, the natural number rank(¢¢. 5) is only dependent upon ¢ and not upon the
bases B and C.

| Definition 8.21. Rank of a linear map
Let ¢ € L(V,W). The number

rank(¢) := dim(Ran(¥)).

18 called the rank of the linear map L.

Recall that the range of any map is the set of all elements that are “hit” by the map.

Proposition 8.22. Rank of linear map or matrix

For ¢ € L(V,W), the rank is the same as the rank of e where B and C are any
bases in V' and W :

rank(¢) = rank({c. ).

G Example 8.23. The operatorprojs € L(R3/R?) given by the orthogonal projection onto
G := Span(n) with n € R?, ||n|| = 1 has the matrix representation with respect to B given
by (8.13), cf Example 8.14 (f). On the other hand, with respect to the standard basis

7\ & = (e, ey, €3), the operator proj is given by nn', cf. equation (8.1), which means:

NG AOE @2
and (projg)ece = nn' € R¥3, = ("\ "\1724

A rank 4 smatnx
Both are matrix representations of the same linear map proj.. Hence, they are equivalent
and have the same rank.

(Projg)Bes =

o O =
o O O
o O O

Now, we go back to a linear map ¢ : V' — V| which means V' = W. There, we can choose
the same basis on the left and right V', in other words B = C and B’ = C'.

Let £ € L(V,V) and A := {5, 5 the matrix represenation w.r.t. to 5 and B.

Question:

Which matrices A" do we get by (g when B' is any basis of V2 What is the
connection to A?
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coordinate vectors w.r.t. coordinate vectors w.r.t.
Bin V B in V
B
B gB(—B =A S K(X)
< j/z.\\\ ? 1
&an S |
I i | | E"
\
B similarity 1
@/ Thep A =T 1AT- TpeB|S=T"
[
B Wl ? F
o lpp = A 4
{\d ‘ >e
XB \_ maybe nice structure K(X)B/

coordinate vectors w.r.t.
B in V

In the same way as above, we have:

coordinate vectors w.r.t.
B in V

lpep = Tpeplpes Taen = SAT = T YAT

because S =T 1.

A =T

Proposition & Definition 8.24. Similar matrices

21

A= A,

B = T 'AT.

——

A square matric B € F™" is called similar to another matriz A € F™*™ if there is
an invertible T € F™ " with:

In this case, we write B ~ A. For A, B,C € F™", we get:

Ax~B = B=A, A~B AN Bx=(C = A=xC.

For square matrices A and B, we have the following implication:

The converse implication is in general wrong: #: For example, we have ((1) 8) ~ (8 (1))

(00) % (50)-
>

Ax~B = A~B
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The classification by ~ is much coarser than the one by ~. Similarity ~ is completely
determined by the Jordan normal form (cf. tutorial and Section 9.1).

8.4 Solutions of linear equations

Let V and W be two F-vector spaces. For a linear map ¢ € L(V, W) and a vector b € W,
we can ask about solutions of the equation

((x) = b.

We are interested in ezistence and uniqueness of solutions.

Kernel and range of /¢

Ker(/) == {xeV:{l(x)=0}CV and Ran(f) = {{(x):xeV}CW.

8.4.1 Existence for solutions

: |4 w
Clearly: The equation 7
((x)=b — (Ran(f)

has solutions x € V if X g(;()
b € W is given of the form L (13 c
((x) for some x € V, which : :
means:

b € Ran(0) . b € Ran(¢) = #4(x) = b has a solution

c¢ Ran(f) = £(x) = c has no solution

The existence of solutions is independent of the right-hand side b if and only if all b € W
lie in Ran(¢), which means:

Ran(¢) =W (8.18)

L> uthhA',l—‘-mJ Sa(\rqtl'l;‘-/

ey 47
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We call this, as before, unconditional solvability of the equation ¢(x) = b and this is
equivalent to the surjectivity of €.

8.4.2 Uniqueness and solution set

If /(x) = b has solutions x € V, then the best case scenario is when there is exactly one
such solution.

For b = o (the homogeneous equation), the solution space is given by Ker(£). Because
of Proposition 8.2, o € V' is always a solution and always in Ker(£). Uniqueness of the
solution is then given if o is the only element in Ker(¢), hence Ker(¢) = {o}.

J= k()

For b # o (the inhomogeneous equation) we get the same criterion for uniqueness: Let
x, € V be a solution, which means ¢(x,) = b, and x € V' another solution, which means

b
{(x) = b, then:
U(x —x,) =4(x) —l(x,) =b—Db =o, and X —x, € Ker({).

On the other hand, if x — x, € Ker(¢) and ¢(x,) = b, then also x is a solution because
K

Chouse ke Kee (£) ) = 1%, + (3= %)) <165 ¢lK) =
X:= X.,+k —:keKer(¢) Y \o/

uht:?ucm:;: ’re_r ([): 30}

In summary:
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Solution set of /(x)=b is an affine subspace

Let x, € V' be a solution of the equation with right-hand side b € W, which means
l(x,) = b. The solution set S = {x € V : {(x) = b} is given as an affine subspace:

S={x=x,+k:lk) =0} ={x,+k:k eKer({)} =x, + Ker(/)

While Ker(¢) is a linear subspace of V', the solution set S = x, + Ker(¢) is an affine
subspace of V. The kernel is translated by one particular solution x,:

w

Therefore, also in the inhomogeneous case, the solution is unique if and only if

Ker(¢) = {o} (8.19)

holds since S contains at most 1 element in this case, namely x, if it exists. If there is no
solution x,, € V at all, then £ = @. We call this unique solvability, and for a linear map
¢ this is exactly the injectivity.

> Bl syl

8.4.3 Invertibility: unconditional and unique solvability

The map ¢ is bijective if and only if it is surjective and injective. This is again equivalent
to the existence of an inverse map ¢~ : W — V.

Vv o Ran(¢) =W
. 0
Ker(¢) = {o} 14
Xp — =1 .y
L= {x,}e——m —_——
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¢~ maps each right-hand side b € W to the unique solution x =x, € V.

8.4.4 A link to the matrix representation

Let B and C be bases in V' and W, respectively, and also denote the dimensions by n and
m. Then for a linear map ¢ : V — W, we get a matrix representation (¢, g € K™*".

|4 w
Ker(¢) o

— (%)

b Ran(¢)

Ker(ﬁc%g) ’ o ’F
: /ctB\) N K(X)C
~ C
Qﬁ(ﬁg’ ) E Ran(lcg)

Our equation £(x) = b can be translated to the coordinate level to lee g Pp(x) = Pc(b).
We immediately get
x € Ker({) «— ®p(x) € Ker(lep)

and
b e Ran(ﬁ) <~ cbc(b) € Ran(ﬁa_lg).

This means:

Ker(¢) = ®5'Ker(le. ) and  Ran(f) = &5 'Ran(le. p). (8.20)
] A\ l ‘.,
i 2, i W 2 (F)

iV F"

Hence Ker(¢) and Ker(fc, 5) can only be simultaneously be trivial, which means {o},
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and in the same manner Ran(¢) and Ran({c. ) can also only be simultaneously be the
whole space.

Proposition 8.25. Unconditional solvability (surjectivity of /)

The following claims are equivalent:

(i) The equation £(x) = b has at least one solution x for each b € W.
(i1) € is surjective.
(111) Ran(f) = W. P
(ZU) Ran(éa_lg) _ W ,Fm /JL\” (‘uk II( :-:- ’

(v) rank(€) = rank(lc, g) = m < n.

(vi) If using Gaussian elimination to bring e p into row echelon form, then each
row has a pivot.

Proposition 8.26. Unique solvability (injectivity of ¢)

The following claims are equivalent:

(i) The equation £(x) = b has at most one solution x for each b € W.
(i1) € is injective.
(117) Ker(¢) = {o}. x
(iv) Ker(le.5) = {o}. A Uo /"(.c varned(
(v) rank(¢) = rank(le. 5) = n < m.
(vi) If using Gaussian elimination to bring Lc.p into row echelon form, then each
column has a pivot.

|

In the case m = n, we get:

Proposition 8.27. Fredholm alternative

In the case:m = n, which means dim(V) = dim(W) < oo, then either all claims
from the Propositions 8.25 and 8.26 are true or none of them are true.

Also the rank-nullity theorem can now be transformed to the abstract case:

Rank-nullity theorem

For two F-vector spaces V., W with dim(V') < o0 and a linear map €:V — W, we

have:
dim(Ker(ﬁ)! < dlglggngﬁ)) = dim(V).

Example 8.28. (a) The projection operator proj, € L£L(R? R*) with G = Span(n) has
the Ker(proj,) = E := {n}* and Ran(proj;) = G. The rank-nullity theorem gives
us 2+ 1 = 3. The map is neither injective nor surjective. The equations proj.(x) = b
have only solutions if b € G. The solution set § is then a line that is parallel to F,
hence a translation of the kernel by a particular solution x,,.
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(b) The reflection refly = id—2 proj is an invertible map where the inverse is refl p again.
The kernel is {0} and the range R3. The rank-nullity theorem says 0 + 3 =3. The
equation reflz(x) = b has a unique solution for all b € R3.

o

(c) Consider the differential operator @ : f — £, defined as P3(R) — P3(R); where P3(R)

carries the monomial basis B. The matrix representation is:

/

J, 0 0.0 0
3 0 0 0
19, = 8.21
(ua,,p..w..,.,,/,,,\o) BE7 1o 20 0 (8.21)
0010
Obviously,
0 0 0 0
0 0 0
Ker(é)B(_B):Span( 0 ) and Ran(Opep)= Span( , o ),
1 e \o/ \0 1

o

and hence by (8.20), we have
Ker(9) = ®5'Ker(dp.p) = Span(mg) = Py(R)
and
Ran(9) = ®;'Ran(ds, 5) = Span(my, my, mg) = Po(R).

This makes sense since f = o is solved exactly by the constant functions, which are
all functions f € Py(R), and the set of all possible outcomes f’ for f € P3(R) is exactly
Pa(R).
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The equation 9(f)

g € P3(R), has the soffition set S = @ if g & Py(R)

have

8 = £, + Ker(9) =, + Po(R)
(‘-'-rw)

with a particular solution f, € P;3(R).

fw

8 General linear maps

X dx —-4-)( +C.

= g, which means searching antiderivative for a given function
= Ran(0). For g € Py(R), we

wh CelR

We want to find all solutions f € P3(R) for the differential equation f” + 2f — 8f =
2m, — 3m;. In order to do this, we define the linear map £ := do d + 20 — 8id by

P3(R) — P5(R) and ((f) = £ + 2f —

((f) = 2my — 3m; in P3(R).

/(f)(x)

=Tx-7x

,

8f. Then, we only have to solve the equation

(

l»'??/""‘l/ Way “"0)

Choose for P3(R) the monomial basis B, namely on both sides:

Elg(_[g —(808—1—28 Sld

0
(8.21) 0
2
0

Since the matrix €z, g is invertible (look at the determinant (—

0

0
0
1

—B —

S O W o

= (Ope5)® + 2055 — 8idpes
0O 0 O 1 0 0 O
0O 0 O _ 3 01 00
2 0 0 0010
01 0 00 0 1

8)1 #£ 0), we can use

Proposition 8.25 and Proposition 8.26, which say that we have a unique solution for

all right-hand sides in P3(R).

Let us now solve our equation from above: Seeing it in the coordinate language, we

can rewrite ((f) = 2m, — 3m, as (55 =(2my — 3my)?, hence:
ms3 mo mj mo
ms (=8 0 0 0 m; [ 0 m3
mz| 6 —8 0 0 B M2 2 s B m2
m| 6 4 =8 0 f° = w3 Solution:  f~ = =
mo \ 0 2 2 =&. mo \ 0 —;0
and hence f = &5 f¥ = —fmyt jmy, ie f(z) = —j2° + ja.
U
Check: A ' p
~— I (x) = 2 ¢ Uf(x) = -x+ 7

56041140 - 856 -

-& Fx)
- Jk

-
—-—

+Zk
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8.5 Determinants and eigenvalues for linear maps

Reminder: Determinant and eigenvalues for similar matrices

Let A and B be two square matrices that are similar, A =~ B. Then:

det(A) = det(B) and  spec(A) = spec(B).

For this last section, we consider a linear map ¢ € L(V, V'), which means V = W. All
matrix representations fz. 5, where we have the same basis left and right, are similar
matrices and have the same determinant and eigenvalues by Proposition 8.5.

Hence, we define:

| Definition 8.29. Determinant of a linear map ¢

The determinant of a linear map ¢ € L(V,V) is defined as the determinant of a
matrix representation {g_p for any basis B in V:

det(ﬁ) = det(ﬁB%B).

Knowing the matrix representations, we immediately get the rules for the determinant:

det(k:OE) = det<(]{30€)3<_3) = det (k:B<—B €B<—B) = det (k?5<_3) det (E&_B) = det(k‘) det(é)
and det(id) = det(idg.p) = det(1) = 1.

Combining these two rules, we get: (L[ £ i5 eavetille ) Z tnv. &> M(l).to

det(¢") det(€) = det(¢! 0 £) = det(id) = 1 and det(¢~1) = 1/ det(¢).

The notion of eigenvalues and eigenvectors were introduced for matrices and the associated
linear maps. Indeed the whole definition makes also sense in the abstract setting, so that
we can also use it for linear maps ¢ : V' — V. In the end, this will be totally connected
to the eigenvalues of the matrix representations.

Definition 8.30. Eigenvalue and eigenvector for linear map ¢

Let £ € LWAW). A vectorx € V \ {0} is called an_eigenvector of € if £(x) is
a multiple of x. The number X € F with {(x) = Ax is called an eigenvalue of ¢
associated to the eigenvector X.

Again, we get the following equivalences:

A is an eigenvalue of ¢

& IxeV\isd L) = D df)

< the homogeneous equation (¢ — Aid)(x) = o has a solution X # o
<= [ — Aid is not injective

2847 ¢y _ Xid is not invertible

LP h"‘\'("')‘ Np'lrt sodidin
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& (-Na)y_, & b kbl
(8.20) . : A
<~ (6 — /\Zd)&_g = €B<—B — Nidgep = gB(—B’"_ Al

is not invertible for any basis B of V
<= ) is an eigenvalue of /5, 5 for all bases B of V'
— det((ﬁ — )\id)3<_3) = 0 for all bases B of V
— det({ —Xid) =0 ~ N 6(”__ ki = O

Example 8.31. (a) The rotation d € £(R? R?) from Example 8.3 (e) has the determin-

ant 1 since the associated matrix representation(8.12) w.r.t. the standard basis B in
R2:
. _ cosp —sinp\) 9 . 2
det(d) = det(dg.p) = det <Sin¢ cos ) = (cosp)® + (sing)” = 1.

For K = R, we only find eigenvalues and eigenvector if ¢ is an integer multiple of
7. For example, for ¢ = 7, we have d = —id and hence each vector in R? is an
eigenvector for the eigenvalue A = —1.

(b) For the orthogonal projection projs € L(R* R?) onto the line G := Span(n) and both
variants
projp = id — projg and reflp = id — 2 proj,
from Example 8.7, 8.9, 8.14 (f) and 8.17 (a), we find with the help of equation (8.13):

1 00
det(proj;) =det {0 0 0] =0
0 00
Using Example 8.17 (a), we get:
000 -1 0 0
det(projg) =det {0 1 0] =0 and det(reflg) =det | 0 1 0] =-1
0 01 0 01

For proj. each vector from G is an eigenvector for the eigenvalue 1, and each vector
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from FE is an eigenvector for the eigenvalue 0 since E is the kernel of proj. For projg
we have the same with G <+ E. For reflg each vector from G is an eigenvector for the
eigenvalue —1, and each vector from F is an eigenvector for the eigenvalue 1.

Summary

A map ¢ from one F-vector space V' to another F-vector space W is called linear if
Ux+y)=4Lx)+Ly) and {(ax) = al(x) for all x,y € V and o € K. We write:
e L(V,W).

Linear maps L(V, W) can be added and scaled with o € K. Hence, L(V,W) gets
an F-vector space.

The composition k o £ of linear maps £ : U — V and k : V — W is linear.

The inverse map of a bijective linear map is again linear. Therefore a bijective linear
map is called an isomorphism.

Each linear map ¢ € L(V, W), between finite dimensional vector spaces V' and W,
can be identified with a matrix. In order to do this, choose a basis B = (by,...,b,)
in V and a basis C = (cy,...,¢,) in W. Be using the basis isomorphisms ¢z and
®c, we get a linear map K" — K™. Such a linear map is also represented by a m xn
matrix le. g = (£(by)¢ - -+ £(b,)¢). Tt is called the matriz representation of £ w.r.t.
B and C.

The matrix representation of k£ + ¢ is the sum of both matrix representations.
The matrix representation of o is o times the matrix representation of /.

The matrix representation of k o £ is the product of both matrix representations.
The matrix representation of /=1 is the inverse of the matrix representation of £.
Kernel and range of a linear map ¢ can be calculated by f¢. 5.

By changing the basis of V' from B to B’ and changing the basis of W from C to C’,
the matrix representation of ¢ : V' — W changes from (¢, 5 to {er p. In this case,
we have (e g = Terc leen Tpepr-

We call two matrices A and B equivalent and write A ~ B if there are invertible
matrices S and T with B = SAT.

We have A ~ B if and only if rank(A) = rank(B).

For the special case £ : V — V' one often chooses the same basis B left and right.
How does the matrix ¢z, 5 change when changing the basis B to B’? Then, we have
S =T~! in the formula above.

Two matrices A and B are called similar and one writes A ~ B if there is an
invertible matrix T with B = T 1AT.

From A ~ B follows det(A) = det(B) and spec(A) = spec(B) but the converse is
in general false.

det(¢) for a linear map ¢ : V — V is defined by det(¢5, g) for any basis B in V.
A € Kis an eigenvalue von ¢ : V — V if {(x) = Ax for some x € V' \ {o}.



