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Question: Can we do a similar thing in the polynomial space? Consider bases B and C
that is not the simple monomial basis:

B = (2m, — lm;, —8m; — 2my, lmy + 4m,; + 1mg)
— by by — by
and C = (lm; + 1lmg, 2my + 2my, 1my + Imy) .
e —rc —s

Answer:  Yes, we can do the same by adding the the monomial basis (or a other
well-known basis) in the middle. We call the monomial basis by .4, which means A =
(mg, my, mg). Then T4, 5 and T4, ¢ are immediately given:

2 0 1 0 21
TA%B = -1 -8 4 and TA%C = 1 20 y
0 -2 1 1 01
and then we get Ty c:
| Thc by using an additional “nice” basis A
Thee = TacsTpec )
S e and hence Teec = (Tacn) Tace-
(I)A<X) < (I>B<X) < @C(X)

Since we again have to find an inverse of a matrix, we can use the Gauf-Jordan algorithm
again:

(TA%BJ Taec) ~ (1] Tpec). (7.12)

For our example, this gives us:

2 0 1]0 2 1 1 00 3 =2 4
-1 -8 41 2 0 ~ 010 —Ty 3 —4
0 -2 1|1 0 1 0 01 -6 6 =7

The boxed matrix is indeed Tz, c.

\/ abslak  vedw Space P= (‘lm _“anx
tady  veV ~> @-3(\/) = (Z‘)e F , Vsl bt s b
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Change of basis for audio: WAV vs. MP3

Assume you have an audio signal f given at
finite time stepst = 1,2,...,50 (e.g. milli- £ —
seconds). Hence, you have some measure val-

ues fi, fo, ..., fs0 € R.

bi: At this point you know that the audio sig-
! nal f is a vector in a 50-dimensional space,

by: which can be represented with respect to the
I canonical basis B = (by,..., bso) of R.

; The coordinates of f are exactly the values

bso: ' i fi, fo, .-, fs0. For describing tones (so os-

" cillations) this basis is not optimal!
We want to change to a basis C of R®, which is better fitting for tones.

Sine waves Cosine waves

no oscillation

Cos.

1 oscillation 1 oscillation

2 oscillations 2 oscillations

3 oscillations 3 oscillations
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One can show: C = (cy,...,C5) is also linearly independent and hence a basis of
RO,

The signal £ from above has the following form: Tg (})
c

1
f = c3 — €95 + 3c26 + 4 Ca0-

We reckon that most signals f are a superposition of some “basic tones” c;.

Compression: One stores only the coordinates in ®c(f). One can also focus on
the (for humans) important frequencies and ignore the higher and lower ones (e.g.
MP3 file format). All this saves storage space instead of storing the coordin-
ates ®5(f) = (f1,..., f50)% (e.g. WAV file format). Similar ideas exist for two-
dimensional signals like pictures: = BMP vs. JPG. Y hare ¢ ,Rsoxso

Information: The change of basis from B to C is important for a lot of applications
and known as the Fourier transform. We will consider it in more detail in the
analysis lecture.

7.5 General vector space with inner product and
norms
Recall that in the vector spaces R™ and C”, besides the algebraic structure given by
vector addition + and the scalar multiplication -,
we also defined a-geometric structure by choosing
an inner product (-, -) and also a norm || - ||

for measuring angles and lengths.

_I Attention! Convention for F=R and F=C |

Since we handle the cases F =R and F = C simultaneously, we also use the notion
of the complex conjugation in the real case. Hence, for a € F we write:

- _{a if F=R,

T a if F=C (complex conjugate number).

Analogously, for a matriz A € F™*"™ with m,n € N:

O AT if F=R (transpose),
o A* if F=C (adjoint).
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7.5.1 Inner products

Let F € {R,C} and V' be an F-vector space.

| Definition 7.23. Inner product

A map (-,-) : VXV — F is called an inner product for V if it fulfils: For all
x, X,y eV and a € F:

(S1) (x,x) >0 for all x # o, (positive definite)
(52) (x+xy) = {x,y)+,y), (additive) } J—
(93) {ax,y) = a(x,y), (homogeneous)

(S4) (x,y) = (y,x). ((conj.) symmetric)

A wector space with an inner product is often called o pre-Hilbert space.

Recall all the properties we could derive from these four rules. For example:

(x,ay) = a(x,y) forall a €F, x,y e V.

(54) v

The proof goes like: (x, ay) (2 (ay,x) (2 aly,x) = aly,x) = a(x,y).

Example 7.24. (a) Let V =TF".

| Standard inner product F"

L1 h L1
Gy =(| ]| ]) —mm+ - @] 13)
Tr) N\ o

*

= y X = <X7 y>cuclid7 X7y E ]FTL

Again, the standard inner product is the most important one in R™ and C". Since it
describes the usual euclidean geometry, we denote it by (X, y)..aa in both cases.

(b) For V=F?andx = (7)), y = (z;) € F? we_define an inner product by

x2

(x,y)= (%), (“)) = 21 F 2l + T+ 4. = <(’; :)X,)' -y

(c) For V=F*and x = (%}), y = (z ) € F2, we could also define

x1 1
z2 2

<X7 Y> - <(z;)7 (z;)> = X1Y2 + X2l
This is symmetric and linear in the first argument but not positive definite. For
example, x = (_11) gives us (x,x) = ((_11), (_11)> =2

(d) Let V= P([0,1];F) be the F-vector space of all polynomial functions f : [0, 1] — F.
Then, we define for f,g € V the inner product:

€4. f(x)=x'iy
— [ @ de b F=C
(£, ) .—/0 f(2)g(@) d e
V A y e
<pip> = Jpbrpmde = Sooconds = i sl 4

y a—
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You should see the analogy to (X, ¥)eea in F™. All data is now continuously distrib-
uted over [0, 1], and we need an integral instead of a sum. Often, we are in the case

F =R and can ignore the complex conjugation g(z).

Recall that for a general inner product on R"”, there is a uniquely determined positive
matrix A such that:

<X7 Y> = <AX7 y>euc1id (7.14)

for all x,y € R".

Yok f F=IR
_I Definition 7.25. Positive definite matrix | /

A matriz A € F™™ s called positive definite if it is selfadjoint (A* = A) and
satisfies

(AX, X) euea > 0, i.€. x*Ax > 0 N\ (7.15)
for all x € F™ \ {o}.

Attention! Positive definite needs selfadjointness

By our definition a positive definite matriz is always selfadjoint. In the complex
case this follows from equation (7.15).  However, in the @L(;ase, you ccannot drop
this assumption. Moreover, (AX,X)a 1S always real, even in the case F = C,

*

A=A TA. .\
<AX7 X> euclid —— <X’ A*X> euclid - <X7 AX>euclid - <AX7 X> euclid *

Some authors might be using only equation (7.15) for defining positive definite
matrices in the real case. Therefore to play it safe, we often talk about matrices
that are “selfadjoint and positive definite”.

Proposition 7.26. Positive definite matrix A = (AX,y)..uq inner product

If A € F™*" s selfadjoint and positive definite, then

—— J'lr'tdc‘(
<X7 Y> = <AX, y_>euc1id7 X,y € F"

—_— jﬁ,.wj(,y

defines an inner product in F™.
el prEmmT T T

Example 7.27. Let us look at the examples from before:
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(a) The identity matrix/1 is positive definite since (1X,X)cena = (X, X)euciia > 0 for all
X # o. I/
(b) The matrix A = ( € R?*? is positive deﬁ}te since for all x = (mé) € R? we have

x,,+x
11 <(x4+{f)' tl.a(J
<<1 4) < > (x )> = 1@y + X1 + BT ATy = (71 + 22)% + 3(x2)® > 0.
Wy 2 2 euclid —_— & e :

This can be only 0 if ; = —x3 and x5 = 0, hence only for x =0. /
(¢) The matri ﬂ)’ SelfadJ01né/l)ut not positive definite. For example, fo< X = ( 11) >
the value (AX,X)..cq 1S Negative. )

S\

<X/}/>eqd‘= l)(l{.“y\(-ca:({(x,y)) < O Wf f‘);l,':k

| Proposition 7.28. 4 recognition features for a positive definite matrix

Let A = (a;;) € F™™ be a selfadjoint matrie\ Then the followz'ng claims are

equivalent
( (i) A is positive definite. ¢ fow -> >
V (i) All eigenvalues A are positive. >> O

(i1i) After using Gaussian elimination only with the matrices ZZ \i, all piots are

positive.> 0
(tv) The determinants of the so-called leading principal minors of A, which means
det(Hy),...,det(H,), are positive. >0

Here

a a @11 A12 Q13

11 12

H, = (a11), Hs= ., Hs3=1lan axn as|, ..., H,=A
Q21 Q22

a31 azz 33

/Tl)_: erm\rc' Use Ahot .s(,(fd,..:l- mmabices _—J

AR b ()/ p(.n,,“juu‘

Example 7.29. Let us check the proposmon for the matrix A = 1
definite by Example 7.27 (b). The eigenvalues of A are given by solvmg

1 It is positive

O=det(A—AL)=(1-XN)(4—-A)—1=X—-5X+3, so No=15=+ (5)2—3. >0

~ - —_— “

Both eigenvalues, A\; and Ao, are positive. The Gaussian elimination glves us: J_Z?T

1 1 \/ Tt
=) ~ (@)
Both pivots, 1 and |3, are positive. At last the minors:

/

det(H;) =det(1) =1>0 and det(H,y) = det (

1 4
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Proposition 7.30. Inner products are related to pos. definite matrices

Let V' be an F-vector space with inner product (-,-) and dim(V') = n. Let B be a
basis of V.. Then for all x,y € V we have ﬂ__.n
c

(x,y) = (A®(x), P5(Y))euciia;

where (-, ) eena @S the standard inner product in F" and

<b17b1> e <bn7b1>
A=6m - | 5
<b17 bn> e <b’n7 bn)

18 the Gramian matriz w.r.t. B. (C;F wa‘\,,,[‘ 82)

Example 7.31. Look at the R-vector space Py([0,1]) of all real polynomial functions
f:[0,1] — R with degree < 2. The integral

1
(p,q) = / p(z)q(z)dz,  p,q€ P X !  xt
0

/
defines an inner product. Let us check how to use Proposit%h' €. Choose
a basis B of P,, for example the monomial basis B = (my, m7, m, ), and calculate the

associated Gramian matrix:

IR 1 gL 1 il (it 1
(m;, m;) —/ xzxjd:v—/ v Hdr = —— = = —— (7.16)
0 o i+ 4 +1lo i+j+1 it+j+1
and
1 1 1
(mg, mg) (mj,mg) (my, my) (7a6) [ OFOFT  THOFT  290+1 1/1 1/2 1/3
G(B) = | (mg,my) (my,my) (my,my) | = 0FIF THHT 20191 | T 1/2 1/3 1/4
(mo, my)  (my, my) (my, my) 0+2+1 14241 24241 /s Jal s

Then, by Proposition 7.30: For all a,b,c,d, e, f € R, we get:

1 1 1
/1 /2 /3 a
(amg + bm; + cmy , dmg + em; + fmy) = < VoYY, bl,|le > ’
1/3 1/4 1/5 c f euclid
= ad + 3(ae + bd) + 3(af + be + cd) + 3(bf +ce) + tcf.

Let’s check this:

1
(amy + bmy + cmy , dmg + em; + fmy) = / (a+ bz + cx?)(d + ex + f2?) dx
0
1
= / (ad + (ae + bd)z + (af + be + cd)x® + (bf + ce)r® + cfm4>d:t
0

1 1 1 1 1
:ad/d:ﬁ—ir(ae+bd)/xdx—|—(af+be—|—cd)/:c2d:c+(bf+ce)/x3dx+cf/x4d:c
0 0 0 0 0

29 4d + L(ae + bd) + L(af + be + cd) + L(bf + ce) + Lef.
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Corollary 7.32. Gramian matrix is positive definite.

For a basis B of a vector space V with inier product (5%, the Gramian matriz G(B)
18 selfadjoint and positive definite.

“

Proof. G(B) = G(B)* follows from (b, l,)l> (b;,b;). Using Proposition 7.30, we know
(G(B)®g(x), P (x))euohd = (x,x) > 0 for all x € V' \ {o} and hence also for all vectors
(I)B( ) c F» \{ } = ]

7.5.2 Norms >

As always, let F € {R,C} and V' be an F-vector space. Even in the case V' not having an
inner product, we can talk about the length of vectors if we define a length measure:
_I Definition 7.33. Norm |

A map || -] =V — R with the following properties is called a norm on V. For all
x,y €V and o € F, we have:

(N1) ||x]| =0, and ||x]| =0 & x = o, (positive definite)

(N2) |lox|| =|af ||x]], (absolutely homogeneous)
als, viee a R oon C

(N3) [lx +yll < [l + [lyll (triangle inequality).

An F-vector space with such a norm is called a normed space.

Example 7.34. (a) We already know that the euclidean norm for F", given by

£y
x|l = H : H =ME P+ E2,  xePn (7.17)
x (N

A"lL-LZ\ VJAC n C @‘_‘k )

satifies (N1-3) from Definition 7.33.

(b) In equation (7.17), you see squares and a square root that cancel themselves in some
sense. This would also work for cubes and the third root. Or even in general:

| The p;i}orné

For each real numberp > 1, we set:

||x||p—H H =@t e,  xeF.  (1.18)

This defines the so-called p-norm. The euclidean norm (7.17) is hence also called
2-norm.

(c¢) Another related norm is given by:

lim Y|P+ + |z [P = max{|z:], . .., |2}
p—r00

Ara (yﬂa‘ heck Senesh,
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_I Maximum norm or oco-norm |

gl
xlss=|[ ¢ ]|| = meaxfl@al, . doal} (7.19)
4 o0

“x‘/h“ T
= lim ||x]|,, x € [F".
p—r00

Let us check for n = 2 that the three properties in Definition 7.33. Let o € F and
x=(2).y = (1) €

(N1) ||x|lcc =max{|z:|, |z2|} is only 0 if 21 = 0 and x5 = 0, hence x = o.

(N2) {Joxt||oo=max{|aw|, |aws|} = max{|al| |z1],]a] 22|} = o] max{|z:], |22} =]all[x]l

(N3) The triangle inequality:

x4+ ¥lleo = max{|zy +anl, |72 + y2l} < max{|an| + [yili|z] + [y}
()
< max{|a: ], |za]} + max{|y:], y2|} = l[X]loe + ¥l

(*) “wye ‘47;’,‘ himbe on ‘OM sv'des

2

On the right-hand side, you see the geometric picture for dif-

ferent norms. Usually, one calls it the “unit circles”, which f

means the sets , S ) ‘J(s
{x e R : [|x[|, = 1}

Such a subset of R? consists of all vectors with length 1, for
different p = 1, 2, 5 and oo.

For p = 2, this in indeed a usual circle. However, also the k
different geometric views for other p are interesting:

=N

DDDDDDDDDDD

Assume you are in Manhattan inside a taxicab at point
p. Driving one block costs you $1. If you have $2 in
your pocket, you can reach all the red points in the
map. If you have $5, you can get to all the red and the
blue points. The e-neighbourhoods

{XER2:||x—P||<5}

in Manhattan are just squares, which stay at one
corner, and not real circles. This exactly the 1-norm
||- |1, which is often alternatively called “taxicab norm”.
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Rule of thumb: Norm gives you lengths and distances

You should imagine ||x|| as the length of the “vector arrow” x. Hence, X—% is the
length of the connection vector between x and 'y — or in other words: The distance
between x andy.

Example 7.35. — p-norm for polynomials. The p-norms in F", which we defined
above, can be generalised for functions. For example, for the R-vector space P([a,b]),
which means all polynomial functions f : [a,b] — R, we can also define such norms:

Norms for polynomials on [a, ]

b
I£ll, :={ / lf(z)|pdx  forpe[l,00) and If]|co := max |f(x)

z€a,b]

On the right-hand side, you see some polynomial g
functions f, g, h € P([a,b]). The area of the blue
region is h
b y
Ieli= [ 1)z f
and the area of the red region is: %/\—’\ \/ﬁ

g~ bl = | [g(o) - hia)|

In later lectures, like mathematical analysis, we will prove the three properties(N1),(N2)
and((N3) for all these norms.

7.5.3 Norm in pre-Hilbert spaces

| Proposition & Definition 7.36. Induced or associated norm

Let V' be a pre-Hilbert space, which is an F-vector space with an inner product (-, -).

Then
Ix| = E&x), = xeV

defines a norm and it is called the induced norm or associated norm w.r.t. (-,-).
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Proposition 7.37. Cauchy-Schwarz inequality

Let V' be a pre-Hilbert space. For all X,y € V:

[ 3)I” < (%, %) (y, ).

With the associated norm from Propositionéd Definition 7.36, we get:

| ) < Iy ll-

Equality holds if and only if x and y are linearly dependent.

Example 7.38. (a) The standard inner product (X,¥)eea = 171 + « -+ + T, ¥y, in F”
induced the 2-norm [|x|| = \/]@1]2 + - - - + |z,|? in F".

(b) The associated norm with respect to the inner product (x,y) := (AX,¥).ena in F”
where A € F"*" is a selfadjoint and positive definite matrix is given by

[l = v/{x,%) = V/(A%, X)eucta:

For the example A = (i i), we get

IE= (G D E) ()., e

F)
(c) Looking at the F-vector space P([a, b]j of all polynomial functions f : [a,b] — F, we
defined the inner product

b [ —
(f, g) :/ f(x)g(z) dz. (7.20)

The associated norm in P([a, b)) is the already introduced 2-norm since

i€ = VE 6 \// dm—\// E@)P do = E]l

7.5.4 Recollection: Angles, orthogonality and projection

Let V be a pre-Hilbert space, which means an [F-vector space with given inner product
(-,+), and let ||.|| be the associated norm.

In this case, we have again the geometric structure and can talk about angles, orthogonal
vectors and orthogonal projections:
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| Proposition & Definition 7.39. Still the same about orthogonality:

o Forx,y € V we writex Ly if (x,y) =0.
e ForF =R and x,y € V' \ {o} we define:

angle(x,y) = arccos( (x.y) >
11y [

e For a nonempty set M C V we call
M* = {xcV:x 1 m for alme M}

the-orthogonal complement of M. This is always a subspace of V.
Instead of x € M+, we often write v L M.

o Forx €V and a subspace U of V' there is a unique decomposition

X = p+n = Xy + XL

into the orthogonal projection p =: x|, € U and the normal component
n = x;. € UL with respect to U. The calculation is given by

<X7 b1>
G(B) ®5(p) = E (7.21
- b)) < §‘4 c 34 <A D
for any basis B = (by,...,b,) of U, and n = x — p. _Z_ X (? < .">
Y/ S
o A family B = (uy,...,u,) with vectors from V 1is called:

—:Orthogonal system (0S) ifu; L u; for alli,j=1,..,n with i # j;
—Orthonormal system (ONS) if, in addition, |u;|| =1 for alli=1,...,n;
— (Orthogonal basis (OB) if it an OS and a basis of V;

— 'Orthonormal basis (ONB) if it an ONS and a basis of V.

e OS that do not own the zero vector o are always linearly independent.

e IfB=(by,...,b,) is an OB of U, then the equation (7.21) is much simpler:

(x,b1)
D1k (x,by) (x,bn)
Op(x);) = : , Ge Xpy=-—=b;+...+-—=—Db, (7.22)
U by v bl Nk
AR
If Bisa then it gets also easier ||b;||? (= 1).
B

—_—
(Em.(_n..h, > Xlu: <)(/L4>-ls4 + <5(,(.‘> (,L+..._{<J(,‘h>L
Example 7.40. (a) The vectors x = (}) and y = (}) from C? are not orthogonal w.r.t.
the standard inner product (-, ) . since

(O Qarovia-iss

»



