6.2 The characteristic polynomial 7

Definition 6.8. |

If the same eigenvalue \ appears a(\) times in this factorisation, we say:

A has algebraic multiplicity a(\) .

e If we have k different eigenvalues Ay,..., A\ € C, then a(A) + -+ + a(A) = n,
because polynomials of degree n can be factorised into n linear factors.

e If \ is an eigenvalue, then A — A1 is singular, so () := dim(Ker(A — A\1)) > 1.
o Comval.
X

xxo = Mx =@

Q’\ U)l«v;‘}w

Proposition 6.9. Spectrum for triangular matrices

Let A € R™™ be a square matrix.

(a) For a matriz in triangular form

ai1. Q12
A 0 C'L22 7
0
we get spec(A) ={ar, as, .-, un}-

(b) For a square block matrixz in triangular form

@9

with square matrices B and D, we get spec(A) = spec(B) U spec(D).

(c) Also spec(A) = spec(AT). Hence (a) and (b) also hold for lower triangular
matrices.

Proof.

O VL15




8 6 FEigenvalues and similar things

Example 6.10. We give some examples for Proposition 6.9.

1.2 3 4

(a) spec g g g ={1,5,8,10}

10
(b) spec = spec (1 é) U spec (11 12 ) =41,6,10,12,15}
g 1314 15
2 6
748 9 10 11 (12 \l
(c) spec > = spec (1 2) U spec 13 14
13 14 7 15 16|17 18
O 5 16|17 18 k19 20] 21}
19 20 21

1 2 12 17 18
= spec ( 7) U spec (13 14> U spec ( 21) ={1,7,12,14,17,21}

/W> /‘“vhy.r '{7 »‘. wse Llo(k J¢ca1.p o’,“-r.hf
Reell: N oev o) A & JA(ANO= [ 2enf oo te dapr ohuiny)

> (abnin fordy dek(A-240) = S‘U“(“')I(A'ﬂﬂ)rm ;:%;?“(V)Tl—(aﬂ‘)/“ﬂ‘gto-)
=4 / Ger. .t

ogcf.

_I Remark: ! WA(O) = M(A) &>'-E,. 9‘1 «> r=:d

(f‘—a- ﬂ.-le) vzid

Thecharacteristic polynomial for A € R™ "™ is of the following form

PA(Y) = (SN + () (—1)" Nk -+ det(A), (6.1)

where tr(A) = > "

j=1 @jj is the sum of the diagonal, the so-called trace of A.

6.3 Complex matrices and vectors

5 spec(A) < C

D (ongdee %@ .5 Ac T



6.3 Complex matrices and vectors 9

Definition 6.11. Complex matrices

For m,n € N, the set of all m x n matrices with entries in C is denoted by C™*™.
Analogously, C™ denotes the set of all (column-)vectors with n entries in C.
—

A b |{4 L‘l"' Va i' Wa \{" ’):V‘ V;,,w, e
) oh : -+ : - 5 / '>\ r ; =z : p r/\ c ¢
Vh wh Vh 4 Vp, Q V“ ),vh
JCﬁL.:j wi'“- a 4”07(‘;“ MWL‘,.

| Proposition 6.12. Properties of the vector space C"

The set V.= C™ with the addition + and scalar multiplication - fulfils the following:

(1) Vv,w eV : V+w=w+V (+ is commutative)
(2) Yu,v,w eV : ut+(v+w)=(u+v)+w (+ is associative)
(8) There is a zero vector o € V' with the property: Vv € V we have v+ 0 = v.
(4) For all v € V there is a vector —v € V with v + (—v) = o.

(5) For the number'l1 € C and each v € V', one has: 1-v =v.

(6) VYA, peC VWwweV: XA-(p-v) = (A -v (- is associative)
(7)¥AeC VYwv,weV: A(v+w)= (Av)+(A-w) (distributive -+)
(8) YA\, ueC VWweV: (A+p)-v = ANv)+(u-v) (distributive +-)

(_D (L""I’L"‘) Ve cher So‘)«u ([;M
L‘> Same C‘JCKL\A.’H r\.s(c.r &S i th/ J’\«S‘J &n“l C..-r(J( u--..Lc.,.;

Definition 6.13. Subspaces in C"

A nonempty subset U C C" is called a (linear) subspace of C" if all linear combin-
ations of vectors in U remain also in U. This means:

(1) ocU,
(2) uclU,2eC = XluelU,
(3) uvel = u+vel.

Definition 6.14. Span
Let M C C" be any non-empty subset. Then we define:

Span (M) :={\u; +---+ My : uy,...,us €M, A\j,...,. N, €C, ke N}.

This subspace is called the span or the linear hull of M. For convenience, we define
Span(@) := {o}.
A

1 /o

Wit 0eC



10 6 FEigenvalues and similar things

Definition 6.15. Linear dependence and indepedence

A family (vq,...,vg) of k vectors from C™ is called linearly dependent if we find a
non-trivial linear combination for o. This means that we can find A\v,...,\, € C
that are not all equal zero such that

k
E )\jvj = 0.
Jj=1

If this is not possible, we call the family (v1,...,vg) linearly independent. This
means that

k
dAvi=o = A, X =0

=1

holds.

Definition 6.16. Basis, basis vectors

Let V' be a subspace of C". A family B = (vyq,...,Vg) is called a basis of V' if

(b) B is linearly independent.

The elements of B are called the basis vectors of V.

(a) V = Span(B) and (6.‘ ., e ) f—— Jor

/

dm(V)=k , dn(@)=»  4(@)= 1

Even in the complex vector space C", we are able speak of geometry when endowing the '\
space with an inner product. We try to generalise what we know from the complex plane ("“'f‘t-\r

C and the real vector space R™. /l\

(L l“ﬂrJ yl'c‘hn

, >

=

Definition 6.17. Inner product in C"

(VA U1 |
u=|: |, v=| ] €C" the number (u,v):=u05+ ...+ uo, = E ;05
=1

Un Un —

is called the (standard) inner product of u and v. Moreover, we define the real

number
vl =V {v,v) = ViR + ... + |va?
/

A — 0
\r\/,-v4+--+\/vh

4
and call it the norm of v. > g ruces L.:)Ms in d:

“‘-\l—u\..sl“.1

A \ — ’=|. T
For the vectors (]: /\V [t]={27" - lﬂt(k) HTw(z)

=) —
/) % v > ﬂ(i) " %'\J _— "h“r"‘f

'(4>“= XMH b = (o = o



6.3 Complex matrices and vectors 11

Attention! |

In some other books, you might find an alternative definition of the standard inner
product in C™ where the first argument is the complex conjugated one.

Note that (v, v) is always a real number with > 0 such it gives us indeed a length. Again,
we find the important property: (v,v) =0 if and only if v = o.

L> lh-C*" —=>R ~ (M, (W), M)

Hence, /(v,v) is well-defined and the norm || - || has the same properties as in R"™, see
Proposition 6.19 below.

> Nb"’ alnc:.g ) th ‘“\L S‘CM.J ﬁ.r J'
¢
Proposition 6.18. (/ <X ﬂr> SAyex> (b?) ><7’ x> = - x y>

\
The standard inner product (-, -) : C" x C" — C fulfils the following: For all vectors
x,x',y € C" and A € C, one has

(S1) (x,x) >0 for x # o, (positive definite)
(S2) (x+x,y) =({xy)+&,y), (additive) } (lincar)
(S3) (\x,y) = A\ (x,y), (homogeneous)

(S4) (x,y) =(y,%). (conjugate symmetric)

Proposition 6.19. Norm

The norm || - || : C* — R defined by using the standard inner product satisfies for
all x,y € C" and o € C:
(N1) |Ix|| >0, and [[x|| =0 & x = o, (positive definite)
(N2) Jlax|| =da] [Ix||, (absolutely homogeneous)
(N3) |Ix+yll < x|+ lyll- (triangle inequality).

M: < D> shedad oo fﬂpv‘aa{' in [RL (ATZk =(A);
<Ax,7> <x/ AT > 2){ (,4 Ay,
S(Ax k/k = . “k'xib}’k = %:x; Aiye = ZXZ@)'R

K, -
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T x i "
AeR™ ~ AeC™

Proposition & Definition 6.20. Adjoint matrix

For a given matrix

‘IL‘-«_ are MlLs- u.,a.h'...;
/

ai; v Qg ain v Al
A= : : € C™*", the matriz A* .= AT = : : = (e
Am1 - Gmn m T &_mn
1s called the adjoint matrix of A. It is the uniquely determined matrix that fulfils
the equation

(Ax,y) = (x, A%y)

for allx € C* and y € C™.

Remimber <X’,7>(= x"'>7> = y*X (thw wles )

In analogy to Proposition 6.9 (c), we get the following for complex matrices:

Proposition 6.21. Spectrum of A*
For all A € C™™, we have spec(A*) = {\ X\ € spec(4)}.

fol: A0 2) - S T (0T ) /] 7
>

ot M(AT.-;/T/'_I7 :> 'Ae Sﬁec(ﬁ*)

Some important notions:

_I Definition 6.22. |

A complex matriz A € C" " is called

<=> TI\-e -?‘C(AT) = rfcc(_A)

e selfadjoint if/A (complez version of “symmetric”),

e skew-adjoint if A = —A* (complex version of “skew-symmetric”),
( e unitary if AA* =1 = A*A (complex version of “orthogonal”),

o normal zf AA* = A*A.

. 1 2 o (T =21\ (1 2\
Beispiel 6.23. (a) A_<—2i 0):>A —(5 6)_(—2i 0)—A
A ) A o A A DS T D
(b)A_(1+2i 3 >;‘A _(—1+2i 3 )_(—1—2i —3i>_ &
(1+i 3-2i o (140 21\ [(1—=i =2 B
<C)A_( % 1 )iA —<m —_1>_(3+2i —1)¢{A’ A

L> lw.....ql 1 Uol
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If A e C""is areal matrix, i.e. a;; € R for all 7, j, then we get: \

adjoint matrix A* = transpose matrix A7,

selfadjoint = symmetric, /f\ q:

skew-adjoint skew-symmetric,
orthogonal. rl\>\
4 >

unitary
| Proposition 6.24. Where are the eigenvalues?

(a) If A* = A (selfadjoint), then all eigenvalues of A lie on the real line.

(b) If A* = —A (skewadjoint), then all eigenvalues of A lie on the imaginary axis.

(¢c) If A*A =1 (unitary), then all eigenvalues of A lie on the unit circle in C.

T Biyavalee gk Ax = 0x  wh x20 (Wremabin. x> ll=4)

=> Ak, x> = x> = 4<x, x> = 2 [t = 2
(q) tAs:L[;J)

AN=Ax,x> = x, A*x> = x, Ax> = X, 20D = A<z x>
= ')( = e R

(L) }\—‘</4x,><> - ... = _7 =\ }\:.:)/ wt )/efR

() 223G = Qwap>= Ax, Ay> = ey fy> 21<y>

y=X
= 7\ﬂ = A = Izl =1 -> g I{dﬂ'd-ovn wnit C[f(.((
6.4 Eigenvalues and similarity

H""“L (-wrk
J'\ﬂ (n‘)q,l\w. @> J_‘g in..},‘[\-"

Definition 6.25. Similarity

Two matrices A, B € C"*™ are called similar if there is an invertible matriz S € C"**

withiA = SBS™".

\_> -
Proposition 6.26. Lal's( ; c,LM, .l- basis

Similar matrices have the same characteristic polynomial and thus the same eigen-
values.

ol M(A M) = Jt(5357- = (S(2-20)5")
(?A(ﬂ) = &)-M(P.Aﬂ).wgs"‘) = M(i’-?ud,l):ﬁ,(a)
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(N (k)

> A= S = A, A emuls

) A, o} A

Remark:

Later, we will see that any matriz A € C™*" is similar to a triangular matriz.

6.5 Calculating eigenvectors fR”hCCI:" -

Even for matrices A € R"*", we now consider the eigenvalues in C and the eigenvectors
in C". This means that we now consider all square matrices as matrices in C™*".

0

Example 6.27. Consider A € R**? with A = (1

_01>. Thew BAOY = 32 %E Dand

spec(A) = —i:l,_l—}__

The corresponding map f4 :/R? —(R? rotates e; and e,, and hence any vector in R2,
by an angle of & (or 90°) in positive sense. In this sense, no line is sent to itself again.
However, this is only a problem if we look at the “real” picture.

;
/ 2N
N > < la

P
P ,..L

A

\J

| Proposition 6.28. Spectrum is not empty

For a square matriz A € C™*" holds:

(a) spec(A) # .
(b) A is invertible if and only if O & spec(A).

Tﬂf (07 TW»JAMJJ “«.M 0} ""‘)oé"ﬂ
G) A s it S 0 =dd(A) = t(A-04) & veg-(p)

Looking at Proposition 6.4, we see what we have to do in order to calculate the eigenvectors
of a given matrix A if we already know the eigenvalues A:



6.5 Calculating eigenvectors

Definition 6.29. Eigenspace

The solution set of the LES (A— A1)x = o, which means Ker(A— A1), is called the
eigenspace with respect to the eigenvalue A and denoted by Eig(\). Each nonzero

vector X € Eig_!)\g \ iot 18 an eigenvector w.r.t. the eigenvalue .

7‘5" ‘\M (Aed:.' _;EQ(’A) cs /‘l—-t.,— s-“LWacg
E:j(ﬂ) - {O?S Q_:> 2 ts ﬁ':} G Lf)«.v‘v(‘-;c.

Example 6.30. Consider A = (? g) X; # 0 is an eigenvalue for \; with i € {1,2} if
AXZ‘ = /\Z‘Xi7 i.e. (A — /\z]l)xz = 0.
Hence, we have to solve the LES (A — \1)x; =0 and (A — A\21)xy = 0.

o o (3=xn 2 ) _ (-1 2
M=4: A—)\l]l_( ) 2_A1)—(1 _2>,

(A — )\1]1)X1 =0

In the same manner:

L v (3= 2\ (22
M=1: A )\g]l_( ) 2_A2>_(1 1),

(A — )\2]1)}(2 =0

Definition 6.31. Multiplicities

Let A € C™™ be square matrixz. Then the characteristic polynomial can be written
as:

pa(z) = (M —2)" - (A = 2)% -+ (A — 2)™ (6.2)
where Ay, ..., A\, are pairwise different. The natural number «; above is called:

a(Aj) == a;  algebraic multiplicity of A;

and tells you how often the eigenvalue \; occurs in the characteristic polynomial.

We also define
v(A;) := dim Eig(\;) = dim(Ker(A — A\;1))  geometric multiplicity of A,




