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Determinants

Let A € R™™ be a'square matrix, The determinant det(A) € R of A is a special real
number, associated to A.
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4.1 Determinant in two dimensions

We already know how to solve the system Ax = b if A is a square matrix. The determinant
should then tell us if the system has a unique solution before solving it. For a 2 x 2 LES,

we get (for a; # 0):

EA - @l a2

- ts
m)‘f;«‘ )
E’L - (6021'i azs | by

Al E 0 Yaiia22 — arza91 | b2a11 — brag

Fo0 <“-"> U“"7M “l«koh

U pivsks ¢ k«-(ﬂ):fo}.
( 0 Ran(A) = R )

Definition 4.1. | “+ -

For a matriz A = (%) € R?*2, we call det(A) := aj1a92 —a12a9; the determinant
of A.

The determinant in two dimensions has an immediate interpretation when we compare it



2 4 Determinants

to an area measurement:

Consider two vectors u = (Z;) and v = (”1) fromdR2 and the spanned parallelogram.
We define Area(u,v) € R as the real number that fulfils

\%

|Area(u,v)| = area of parallelogram

and the sign of Area(u,v) is chosen in the following way:

e Plus sign if then rotation by rotating u such that the angle between u and v
gets smaller is the mathematical positive sense,

o Minus sign if this rotation is the mathematical negative sense.

(Recdl &(J’:‘on 26 AN« o} f‘*mﬂbluf‘am &> Cress QarbLJ‘ (\". ﬂ??)

~) (8
"4 X' < &
2 r ¢ e <> R
2 u N
(]
Uy U1
u:= | ug and v:i=|wvy . — UxXv= L o

0 0

Then we find:
UQO — OUQ 0
|Area(u,v)\ = Hﬁ X \7” = OUl — ulO = 0 = ‘ul’Ug — U2U1’.
U1V2 — UV U1V — UV

def( Us

‘)
Without the absolute value this coincides with the determinant of the matrix Y U

A::(l:l‘:’>.€'_

Indeed, also the sign rule from above is fulfilled. (n‘j“-- he A n‘le )

Lyl

R

Proposition 4.2.

(5] (1 Uy U1
A ( : ) — det - _ 41
rea (u2) (1)2> e (U2 UQ) U Uy — Uglq (4.1)




4.1 Determinant in two dimensions

Example 4.3. (a) If we look at u = (_32) and v = (f), we get:
— —

Area(u, v) = Area(<_32), G)): - (—2). 2 -@

The area isf# and the. orientation is positive.

(b) The other ordering gets:

The area is again 7 but the orientation is negative.

(c) Chooseu = (Z;) and the scaled vector v =au = (gg;) Then:

Us Uy

Area(u,v) = Area(ugom) = Area((ul), <au1)) = uyauy — usauy = 0.

/\ /> Ores shold be 2em

v




4 Determinants
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4.2 Determinant as a volume measure ~— ¢, IR7 wseed

\ V'OL'“‘\L
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~D \/°“-M¢ J“C“"’V' VO(,‘ (V°"L - /4"‘«)

) f/bf(/hcr “we “ftc‘ 0} a Wl‘!-'\.c. fq‘,c‘)m!

| Definition 4.4. Properties that Vol, should have.

The n-dimensional volume function Vol,: R™ x --- x R" =R that gets n vectors
as input should fulfil: I times

1) Vol,(uy,...;u; +v,...,u,) =Vol,(uy,...,u;,...,u,)+Vol,(uy,...,v,...,u,
J

e

for alluy,...u,,veR" and j € {1,...,n}.

a4

ca IR

2"" ,n* omn
Al r\bu-lm/ side

4.’ + f"‘*
on /\:)L"'_

L“hl .S"J¢
(Picture in the case n = j = 2)
(2) Vol,(uy,...,ou;,...,u,) = aVol,(uy,...,u,,...,u,) for all uy,...u, € R,
acRandje{l,...,n}.
V‘(t(°4/?v)
= 2, (s )
(3) Vol,(uy,... 4. .. qw,...,u,) = =Vol,(uy,...4a;,... 4 ...,u,) for all

uy,...u, €R" andi,j € {l,...,n} withi# j.

(4) The unit cube (u; =ey,...,u, =e,) has volume 1: Vol(ey,...,e,) = 1.

] wl=z1
//>

——




4.2 Determinant as a volume measure 5

VOl..: (/');(L) anar' in Cadb (owyouoj
(3) Auhsy hmd‘n'c.
&9) horwakse d

First, we show an easy consequence that follows from the two properties (2) and (3):

Proposition 4.5. Colinear vectors do not have an area.

For allu € R? and a € R, we have Voly(u, au) = 0.

—> 2 Vo(,_(u,u) =0

Proof. Because of (3), we find Voly(u, 1) = —Voly(u,mu) and this implies Voly(u, u) = 0.
Since (2) holds, we get Voly(ujam) = aVoly(u,u) = a0 =0. O

Now, we can prove the formula (4.1):

| Proposition 4.6.
If Voly fulfils (1), (2), (3), (4), then for all u = (Z;),V = (Z;) € R? the following

ozt (%1
holds Yol ) — V012<<u1>, (m)) = U V3—UsgV]. ><
Uz V2 ———— 2 2

Proof.

Vol (220, ) = W () () 0 ()



O () e (1)

Q)

=4 & (9 = -4 &y (0),6)

= UV, - Wy, = AN«Q(\%) ( (‘:/:)) /

Uy

> (.Do '“u Same < n J.',..c,,,t-“: !

Note that this proves that the volume function Vol, is uniquely defined by the four
properties (1), (2), (3) and (4) alone. We expect the same for arbitrary dimension n and

indeed we prove this now.
a1 a1n (\ 1
For a; = N I : € R", it follows 47
Qp1 Qpn 4 o >q
Gn"' fes A A
Vol,(ai,...,a,) = Vol, (aj1€1 + ... + amen,...,a1,€1 + ... + apn€y) .
x)

Using the linearity in each entry, we can conclude:

(/1/
VO(h (ﬂ,. ;s G ) = valn (a,Me.‘ /(*)) + Vo(,_. (a,_,,ez+... + 4, e, ,(*))
D)
C: a,, Vo(._'(e.u(*)) + a_, V"(..(ezl(;k)) £ .. ’Hc J& e
- - ‘[Ir 'H-¢ oku.r- ones



4.2 Determinant as a volume measure 7
n

a"ﬂ V’(n (6;4/ (247_44 B ‘\n.,_e,, /7 - / adh cq + - 4 am.ﬂ.)

fpa g vm‘-.'.

Vol,(ay,...,a,) =

“ @, mVol, (e, €y, - .-, €i,)

n n n
E E .. E ail,la’iz,2 ..

11=1149=1 in=1

(J 4\!0 i‘..“‘“,

. coirerde (i) (1))
%1 A oking o

A Iy fbin.

X0

(i.,-,.-\,i.) €94 .nd¥-x 54,
(,\'c,l-u.ur, We “Iy ked bo Swm  ove («'-4,-—, ) Uherm cacl ane
s diffornd i Lt of A b oy (60w aider)
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@“‘cu‘z‘w}/: (b - map 54,----, ) e B

For a permutation 7 € P,, we define sgn(r) =
exchanges of two elements to get from 7 to (1,2, ..
exchanges of two elements to get from 7 to (1,2, ..

2

tijcr.lt'".

1 if one can use an even number of
,n). If one needs an odd number of
,n), we define sgn(7) = —1.

Repeatable usage of (3) shows Vol,(e;, --- e; gn(iy,...,0,). In summary, we get

n

| Proposition 4.7..Leibniz formula

The volume form Vol,, is uniquely determined by the properties (1),(2),(3) and (4)

a1l QA1n
and fulfils for n vectors a; = Sl,.a, = e R":
Gn1 Qpm,
Voly(ar,...,a,) = Y sgn(iy,...i n) iy 102"+ Giy i (4.2)

(7;1 77777 in )/E,Pn

Proof. The calculation from above shows that (4.2) is the only function that fulfils all the

four rules. n
Tﬂ R,L'- 05" 4W; 00&.}1.1'-,.: ‘n ﬁ T (-{; {) 2 /1‘)

a -
V( ( “r " ) - a""q"-—auau.
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8 4 Determinants

Definition 4.8. Determinant of square matrices

For a square matriz A € R™ "™ with entries

| | @y - Qip
A= a; ... ap — b :

: : )
| | Apy1  ** QApp

we define the determinant as the volume measure of the column vectors:

det(A) = Voln(al, ... ,an) = Z Sgﬂ(il, ... ,in)aihlaiﬂ ©oo ain,n .

(il,...,in)E'Pn

| Remark: !

You can remember the Leibniz formula of the determinant det(A) in the following
way:

(1) Build a product of g factors out of the entries in A. From each row and each
column you are only allowed to choose one factor.

(2) Sum up all the possibilities for such a product where you add a minus-sign for
the odd permutations.

Example 4.9. Consider the matrix P, that we used in the Gaussian elimination to
switch the kth row with the /th row. Let’s denote the entries by p;; and then we know

44 1 ifi=jandi,j£k?
o4 piy =11 ifi=kj=Llori=(j =k
40 0 else

1
1

z $gn(T)

V4 €T,

det(Prese) =Sgn(T)p11 - Pro - - Do+ Prn = —1
Todd

Since the permutation is only one single exchange, the sign is —1. Of course, we expect
this result by property (3) of the volume form.

Vet Labuin §

r“'u" A Shim ur h! +¢f...,-

~> h=z 7 2! =T



~> u=3 2l = 4

4.2 Determinant as a volume measure {

"‘)h:({ ¢! =1

1)

a11 Aaiz2 i3
det | a21 a2 ags | =+ anagass + ajsassas; + aizaziass
a31 a3z Aas3

— (13022031 — A110A23032 — A12021033

Rule of thumb: Rule of Sarrus (Only for n = 3)

(%) V2

_|_

Vol(u, v, W) = +ujvows + v1watz + WilgU3— Uzl — V3Wall] — W3y

Moreover, the sign of the three-dimensional volume can be easily seen by the right-hand-
rule:




