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3.10 The kernel, range and rank of a matrix

Definition 3.39. Range and kernel of matrices

Let A ∈ Rm×n. The set

Ran(A) := {Ax : x ∈ Rn} ⊂ Rm

is called the range or image of the matrix A.
The set

Ker(A) := {x ∈ Rn : Ax = o} ⊂ Rn

is called the kernel or nullspace of the matrix A.

Since our ultimate goal is to understand linear systems given the form:
VL7
↓

Ax = b,

we would like to know more about Ran(A) (because it tell us, for which b our system has
a solution) and Ker(A) (because it tells us about the uniqueness of solutions).

Definition 3.40. Rank of a matrix

Let A ∈ Rm×n. The number

rank(A) := dim(Ran(A)) = dim(Span (a1, . . . , an)).

is called the rank of the matrix A.

We obviously have:

rank(A) ≤ min{m,n}

A is said to have full rank, if rank(A) = min{m,n}.
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Theorem 3.41. Rank-nullity theorem

Consider a matrix A with n columns. Then

dim(Ker(A)) + dim(Ran(A)) = n.

Proof. Choose a basis (b1, . . . ,bk) of Ker(A). Then choose r := n − k vectors c1, . . . , cr
such that (b1, . . . ,bk, c1, . . . , cr) is a basis of Rn. This is possible by Steinitz’s theorem
in Theorem 3.24.

3.11 Solving systems of linear equations

Now we are coming to linear equations. For example, we want to solve the system:

2x1 + 3x2 + 4x3 = 1

4x1 + 6x2 + 9x3 = 1

2x1 + 4x2 + 6x3 = 1

Seeing this as the matrix vector form, we can write Ax = b. Later, we will also put in
the right-hand side and get the augmented matrix (A|b) that simply is




2 3 4 1
4 6 9 1
2 4 6 1


 .
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3.11.1 Row operations and the Gauß algorithm

Example 3.42.

A typical 2× 2 LES might be look like this

E1: x1 + 3x2 = 7
E2: 2x1 − x2 = 0.

From equation E2 we can conclude x2 = 2x1. Putting this equation for x2 into the
first equation E1, we immediately get:

7
E1= x1 + 3x2 = x1 + 3 · 2x1 = 7x1

and therefore x1 = 1. Hence, the system has exactly one solution given by the vector
x =

�
x1

x2

�
=

�
1
2

�
.

One idea of Gaussian elimination can be shown with the example above. One does row
operations to get:

E1: x1 + 3x2 = 7 � E�
1:=E1: x1 + 3x2 = 7

E2: 2x1 − x2 = 0 −2·E1 � E�
2:=E2−2·E1: − 7x2 = −14.

The LES on the right-hand side can easily be solved.



30 3 Matrices and linear systems

The next idea is, as always, to rewrite the system in matrix form Ax = b. Operations on
the system, can now be realised by using an invertible matrix M . This reformulates the
LES:

Ax = b ⇔ MAx = Mb

If the product MA has a simpler form than A, this helps to solve our system.

Linear systems can be solved by building linear combinations of rows. This means
multiplication of invertible matrices on A and b from the left.

Recall that for each vector c ∈ Rm the product cTA builds linear combinations of rows of
A which are always denoted by αT

1 , . . . ,α
T
m. As a reminder:

A =




a11 . . . a1n
...

...
am1 . . . amn


 =




αT
1
...

αT
m


 , where αT

i =
�
ai1 · · · ain

�
.

Now, we have the following operations, for example:

cT = (0 . . . ci . . . 0) gives: cTA = ciα
T
i

cT = (0 . . . ci 0 . . . 0 cj . . . 0) gives: cTA = ciα
T
i + cjα

T
j
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Example 3.43. Adding multiples of rows

In the following 3× 3 example, λ times the first row is added to the second:

Z2+λ1A =




1 0
λ 1

1







αT
1

αT
2

αT
3


 =




αT
1

αT
2 + λαT

1

αT
3


 .

The next example shows how the first row is added λ-times to the last:

Z3+λ1A =




1
1

λ 1







αT
1

αT
2

αT
3


 =




αT
1

αT
2

αT
3 + λαT

1


 .

Undoing this last operation means using subtraction of such a row again. Thus, for
the last example, we have

Z3−λ1Z3+λ1A =




1
1

−λ 1







αT
1

αT
2

αT
3 + λαT

1


 =




αT
1

αT
2

αT
3 + λαT

1 − λαT
1


 = A.

In other words: Z−1
3+λ1 = Z3−λ1.

Example 3.44. Exchanging rows

In the following 3× 3 example, the first and the second row are exchanged:

P1↔2A =




0 1
1 0

1







αT
1

αT
2

αT
3


 =




αT
2

αT
1

αT
3


 .

The next example shows how to exchange the first and the last row:

P1↔3A =




0 1
1

1 0







αT
1

αT
2

αT
3


 =




αT
3

αT
2

αT
1


 .
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Example 3.45. Scaling rows

Each row is multiplied by a scalar value:

DA =




d1
. . .

dn







αT
1
...

αT
n


 =




d1α
T
1

...
dnα

T
n


 .

D is called a diagonal matrix. D is invertible if no diagonal entry is 0. Then the inverse
of D is a scaling matrix with reverse entries:




d1
. . .

dn


 ⇒ D−1 =




1/d1
. . .

1/dn


 .

Definition 3.46. Row operations

For a given matrix A ∈ Rm×n, we call the multiplication with the invertible matrices
Zi+λj , Pi↔j , D ∈ Rm×m from the left simply row operations.

Proposition 3.47. Row operations do not change the kernel

Let A ∈ Rm×n and M ∈ Rm×m a matrix consisting of finitely many row operation
(for example M = Z2+ 1

4
1Z3+ 1

2
1P2↔3). Then we have:

Ker(MA) = Ker(A) and Ran(MA) = MRan(A) .

Proof. For the kernel:

MAx = o ⇔ Ax = M−1o ⇔ Ax = o.

The range formula directly follows from the definition.
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3.11.2 Set of solutions

Solving a linear system Ax = b (with A ∈ Rm×n) means:

• finding out, if a solution exists, i.e. b ∈ Ran(A)

• if yes, computation of all solutions of this system

We usually denote the set of all solution by S = {x ∈ Rn : Ax = b}.
Proposition 3.48. The set of solutions is an affine subspace

Let Ax = b be a LES with A ∈ Rm×n. Then for the set of solutions we have either
S = ∅ or

S = v0 +Ker(A) = {v0 + x0 : x0 ∈ Ker(A)}
for a v0 ∈ Rn.

Proof. Let v0 ∈ S be a solution Av0 = b. By linearity of A we know:

x = v0 + x0 ∈ S ⇐⇒ b = Ax = A(v0 + x0) = Av0 + Ax0 = b+ Ax0

⇐⇒ Ax0 = o ⇐⇒ x0 ∈ Ker(A) .

If there is no such v0, then S = ∅.

In combination with Proposition 3.47, we get the most important fact:

Corollary 3.49.

Row operations do not change the set of solutions.

Since triangular systems are easy and straightforward to solve, we would like to bring A
into triangular form, or something similar.
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3.11.3 Gaussian elimination (without pivoting)

Goal
For solving Ax = b, use row operations M to bring A into upper triangular form,
which is matrix that has zeros below the diagonal, or into row echelon form, which
we will define later. Then, one can construct the solution set for MAx = Mb.

Since we use the same row operations on A and b it is useful to use augmented matrix
(A|b). In the end, we obtain (MA|Mb).

Example 3.50. Let us solve the system:

2x1 + 3x2 − 1x3 = 4

2x1 − x2 + 7x3 = 0

6x1 + 13x2 − 4x3 = 9

Then we do the following steps:



E1: 2 3 −1 4
E2: 2 −1 7 0 −1·E1

E3: 6 13 −4 9 −3·E1


 �




E�
1: 2 3 −1 4

E�
2: 0 −4 8 −4

E�
3: 0 4 −1 −3 +1·E�

2


 �




E��
1 : 2 3 −1 4

E��
2 : 0 −4 8 −4

E��
3 : 0 0 7 −7




The unique solution is then

x =

�
x1
x2
x3

�
=

�
3
−1
−1

�
.
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Attention!

Do not use equation E �
1 anymore at this point!

Otherwise, you would bring the variable x1 back in the game.

Gauß with a bug

We start with a square matrix A ∈ Rn×n. Let us write �A := (A|b) as a row matrix:

�A = (A|b) =




a11 a12 . . . a1n b1
a21 a22 . . . a2n b2
...

...
...

...
an1 an2 . . . ann bn


 =




�αT
1

�αT
2
...
�αT
n




So aij is the jth entry of �αT
i .

We can eliminate a21 by adding rows: �αT
2 � �αT

2 − λ2�αT
1 , where λ2 =

a21
a11

.

This can be written in terms of a matrix, and we obtain:

Z2−λ21(A|b) =




a11 a12 . . . a1n b1
0 ã22 . . . ã2n b̃2
a31 a32 . . . a3n b3
...

...
...

...
an1 an2 . . . ann bn




=




�αT
1

�αT
2 − λ2�αT

1

�αT
3
...
�αT
n




Now we can do the same with all other rows, defining λi =
ai1
a11

, and computing:

Zn−λn1 . . . Z2−λ21� �� �
L−1
1

(A|b) =




a11 a12 . . . a1n b1
0 ã22 . . . ã2n b̃2
...

...
...

...
0 ãn2 . . . ãnn b̃n


 =




�αT
1

�αT
2 − λ2�αT

1
...

�αT
n − λn�αT

n


 = L−1

1 (A|b)

Since L−1
1 substracts the first row from all others, its inverse is easily seen to be the matrix

that adds this row to all others:

L−1
1 =




1
−λ2 1

... . . .
−λn 1


 , L1 =




1
λ2 1
... . . .
λn 1




Once, we have eliminated the entries a21 . . . an1. We can do the same with ã32 . . . ãn2.
Here we use factors λ̃i =

ãi2
ã22


