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Example 2.14. The vector space R™ is spanned by the n unit vectors: L’nt i 5\‘?““ . m"

1 0 0 0
0 1 0 0
€1 = , €2 = y ey €1 = y €p =
0 0 1 0
0 0 0 1

because v = Z? v;e; for all v € R™. In short: R™ = Span(ey, ..
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Proposition 2.15. Span is smallest linear subspace

Let U C R™ be a linear subspace and M C U qany set) Then Span (M) is a linear

subspace and Span(M! Sl

——

f:l:i: E)(u-o.‘s(,l. jlaw-.:] f,a. U() S a l’...,, s“‘,r,“;
Xy <€ S,a. (h) (=> x4y€ $pan (M)
X< .(,..,.(H) , A€ R = Ax € Sdm. (M)
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Definition 2.16. Addition for subspaces?

Srdn (ﬁ ) T a
/“""”‘" :h"r“‘.

If Uy and Uy are linear subspaces in R™, then one defines

Ul o U2 = Span U1 U UQ)
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Example 2.17. Let us look at some spans:

(a) Span((?)) C R?is the line that “the vector () spans” going trough the origin of R?.
W
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(b) Span((;), (7)) is the whole plane R2. Span((;), (¢)) is also the whole plane.
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0
1)) .
0
2 0 1 7
| 4 >isaplane in R? going through {0 ], {2 | and [ 4 |.
7 0 3 7
a

L

1 0 0 1 0 1
(e) Span( O),(1],(0 ) is the whole space R3. Span( 11,11],10 ) is also the
0 0 1 0 1 1
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(f) Span(

A A

) is a “line” in R®, Span( ) is a “plane”.
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ffine subspaces and convex subsets
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Rule of thumb: |

Affine subspaces correspond to arbitrary lines, planes,. ... In other words: translated
linear subspaces.

If we do not want o to be part of our “generalised plane”, we have to replace linear
combinations by affine combinations:

k k
vV = Z Aju;  where Z g =1L /
j=1 j=1
/

a;U.'J.,_J Comdrtiom .

Example 2.18. Consider the position vectors

corresponding to the points A and B. Find the centre point of the line between A and B.
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The connection vector from A to B is then:
-1 3 1 3 143 4
= (5) (1) - (5)+ (- (50 ) -
The center point is then given by going only half way in the direction of d:
1 -1 1/4 -1 2 1
moaegd-(5)+36)-() () -6) oo

The point M with position vector m = (é) is the wanted centre point. In general, we get

the formula: (tneer conbind.

+4, =
m=a+j;d=a+j(—a+b)=a—ja+ib=3a+3ib=1(a+b) M2, =1
M
Instead of using %, we can choose A € R to divide the line from A to B. We get:
d
—N—
q = a+A(—a+b) = (1-XNa+Ab (2.7)
L"(k Cou.‘;nJ-'JL. Q\.l'L
(4-2)+ 2 =4

The corresponding point () (with position vector g from the equation above) lies

at point A if A =0,
at point if A\=1,

7:(/‘*7‘)a +‘§5
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at the centre point M if A = %,

between A and B (2.8)

on the line through A and B for all A € R, (2.9)
on the line through A and B, “in front of” A for all A < 0,
on the line through A and B, “behind” B for all A\ > 1.

Y,
0,
oL Q=5
Q=P|_A= 7
G /B/
N\ |/
Q..
0 .

This brings out to the following:

| Definition 2.19. Affine Subspaces in R"

A subset U C R" is called an affine subspace of R™ if all affine combinations of
vectors in U remain also in U:

P

w, .., €U, Ao, M € R with Z)\ -1 = Z\/)\

Jj=1 Jj=1

\\ /—>T__F o€ U M.

\ , U ie wot <
Ny > Foeer sbgpace,
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_I Definition 2.20. Convex subsets in R" |

A subset U C R"™ is called a convex subset of R™ if all-convex combinations of
vectors in U remain also in U: “

k k
ul,...,UkeU,)\1,...,/\k€[071] U}ZchA]:l — Z/\jlleU

j=1 j=1

The analogous formulation to the linear hull is the affine hull. Try to give a definition!

~ affspn (M) : i&
Cohv.?t.. (H) .= {-j am“

bea J

<) S? ug :2 ug

% u-

| Proposition 2.21. Properties of affine subspaces

Ugs iz 0
(i) Each linear subspace is an affine subspace. (‘y /0/-'-.'"""\ ) \/ ’)k-m
(i) If an aﬂine;subspace contains 0, it is a linear subspace. 2%
(iii) Given an affine subspace S C R™ and a vector v € R", the translated set: J=

ﬂv+&:={x€R":x:v+sfors€S}

1s also an affine subspace.

(iv) Every nonempty affine subspace S can be written in the form Si= v + U for
somev € S and U a linear subspace. —_—

Proof. (i) : Follows from the definition because each affine combination is a linear com-
bination.

(22) : If we have an arbitrary linear combination, we can trivially add also the zero vector.
But if the zero-vector is in a linear combination, we can make it an affine one.

(iii) : Let us write an arbitrary affine combination of elements of v+ 5:9 W;  Gud A JetR
— \\ .
5 h.\‘ Z)\ SJ—i-V Z)‘SJ Z)\jv—z}\sj—l—v v L
v 7j=1 7j=1 j=1 S':
a=1 /‘\ EV“"S

1 Ev+S
affine conlinchio

‘;> VS s @ afﬁ'..c

Sh(S’acc.

((V) Tm— ‘fl, C.Loo:(. Ve J TL:-, ‘y 6-‘.;‘)
(—V) 4‘J\' is a~ uf).'u S'M‘-",GCC,au:‘ 1‘1( Cm.}ail-.s ?.
/B)' (ii) u:: (—V7 tS o a [‘ncaf 5.,,\6,:.“. = S" v+U 0
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Proposition 2.22. Characterisation of affine subspaces

Let S C R™, such that

abesS, AeR = da+(1-Abes

Then S is already an affine subspace.

Proof. We do a proof by mathematical induction:

Induction hypothesis: affine combinations of k£ vectors remain in S. In other words:

k k
v = Z)\jaj and ZAJ- =1 implies v € S

j=1 Jj=1
for every k and every admissible choice of A; and a; € S.
Base case: by assumption, this is certainly true for k£ = 2.

Induction step: k& — k+ 1. Let a; and \; be given for all j € {1,...,k+1}. By definition
Mt A =1— N

thus we can write:
k+1

k
s
’ ; 2 = 1) (; AN -+ )\kaj> k+1Ak41

J/

affine combination w
=(1—XNep1)W+ Np1ugpq €S

By our induction hypothesis, w € U, because it is an affine combination of k vectors.
Thus, v € U as well, because it is an affine combination of w and uy. O

Conical combinations (an outlook)

There are also other rules for combining vectors. they lead to different classes of sets. For
example, conical combinations of vectors are defined as: /\ ’

k
vV = Z Aju; where \; > 0.

j=1

The sets which contain all possible conical combinations of their elements are called convex
cones, and we can define the conical hull of a set of vectors.

We can summarise this in the following table:
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no sign imposed | A; >0

no sum imposed linear conical
YA =1 affine convex
For all these types of sets we know ”... combinations®, and ”... hulls®.

This illustrates our strategy: describe things known from R? and R? algebraically, and
thus generalise them to arbitrary dimensions.

2.5 Inner product and norm in R”

L> more Strche ‘I“o our \echr Space
We transfer the notion of the inner product to define orthogonality and the length of the
vector to the general R”

Definition 2.23. Inner product: (Vector, Vector) = Number

For two vectors

(5] U1 6@ n
u=| : |, v=| | €R" the number (u,v):=uv; + ... + uyv, = Zuivi
Un Un Pe—— N

is called the g(Standard) inner product of u and v. Sometimes also called:
(standard) scalar product. If (u,v) =0, then we call u andv 6rthogonal.

Proposition 2.24.

The standard inner product (-, -) : R™ x R™ — R fulfils the following: For all vectors
x, X',y € R" and A\ € R, one has

(S1) (x,x) >0 for all x # o, X=0 <=> <, v>= @(positive definite)
(82) <X - X/, y> — <X, y>+<x” y>’ (addz'tive) } (lmear)
(S3) (\xy) =Alx,y), (homogeneous)

(84) (x,y) = (y,x). (symmetric)

| 5 Ve weed (50)-(54) o dofe vane slonden
tanen fmol-.r.l'r iy R"_

L’> (C"“y*bng)

\/

<}(,y> ~ Weasures a..jlc.f (:Lr- a.\q..,(., \700)
b (“J‘MJ
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_I Definition 2.25. Norm of a vector in R" |

For a vector

(%1
v=|: | €R”  the number  |v|:=
UTL

1s called the-norm orlength of v.

(s2), 5¢)

(52) o

Y 0 ,
<\A+v/ q.q-v? = <u,u+v> + v, q+v> =<h,'&> + u, v <KV, u D v, D

= <u, “> 4 <\'/V> WtV Y;

ulv = Jut vl =l + v

s

For a linear subspace U C R™ we define the orthogonal complement:

Ut ={veR":(vyu) =0 YuecU}. MJ-

U
However, we come back to such constructions later. \ / >

2.6 A special product in R(!): The vector product or i

cross product v R
7

>

| Definition 2.26. Cross product: Vector x Vector = Vector

The cross product or vector product of two vectors

(51 U1 . UV3 — U3V2 .
u=|u |, v=[vy] €R’ isqgwen by uxv:=|ugv; —uvs| € R".
us U3 U1V — U2V




