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Vectors in R”
V‘G‘or sr,“

2.1 What are vectors?

In this section we do some informal discussions about the objects of linear algebra. We
will make all objects into rigorous definitions later.
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With wectors or @rrows, you can do two things:
e Add the two arrows, by concatenating them and call the result v+ .

e Scale an arrow by a (positive or negative) factor X and call the result’ A\v.
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With these operations we can combine ¢ and w to a large number of arrows and this is
what one calls & linear combination:

If we scale two vectors v and W and add them, we get a new vector:

AN+ pw  (linear combination)

Mostly, there is no confusion which variables are vectors and which one are just numbers
such that we will omit the arrow from now on. However, we will use bold letters in this
script to denote vectors most of the time.

2.2 Vectors in the plane

We already know that we can describe the two-dimensional plane by the cartesian product
R x R, which consists of all the pairs of real numbers. For each point in the plane, there
// is an arrow where the tail sits at the origin. This is what one calls a position vector.

‘K‘L d J (x,y) € IRL
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VvelR'

Now we also know how to add and scale these column vectors:

Define addition and scaling:

glou-e_‘n'a' Wew Mamescal Weu
v A T 3
y VW (1)4(3): (5)

Definition 2.1. Vector space R?

The set R? = R x R is called the vector space R? if we write the elements in column
1
form St c . ~ < RE B 4 ,
vV = ( 1) with v1,09 € R

(%)

and use the vector addition and scaling from above. The numbers vy and vy are
called the components of v.

For describing each point in the plane, the following elements are useful:

_I Definition 2.2. Zero vector and canonical unit vectors |

The two vectors e1,es € R™ are called canonical unit vectors and o s called the

0 ’ ! 0 ’ I ’

Note that we can write every vector v € R? as a linear combination of the two unit vectors:

Y,
B U1 B \f//v2€2
VvV = i = vie; + v3es “
2 vVi1€1
v - T
ll‘h“l’ c.“‘,:“d".\\
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Linear combinations

To compare apples and oranges: An apple has 8mg vitamin C and 4ug vit-
amin K. An orange has 85mg vitamin C' and 0.5ug vitamin K:

8 VitC 85 VitC
Apple a = <4)vm< , Orange b = (0,5)\/“

Fruit salad: How much vitamin C and vitamin K do I get if I eat 3 apples and 2

oranges? Answer:
8 85 3-842-85 194 \viic
at (4) H (0.5) (3 A+2. o.5> ( 13 >m

Here, you can see a rough sketch of this vector addition:

VitK,

+ 2b

0
b - VitC

A vector written as
Aa+pb  with ApeR (2.1)

is called a linear combination of a and b. We can expand this definition:

_I Definition 2.3. Linear combination |

Let vi, ..., vy be vectors in R? and \i,..., A\ € R scalars. Then

k
Z)\jVj = >\1V1 —+ .4 )\kvk

J=1

is called alinear combination of the vectors.
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Orthogonal vector and inner product \

Question:

Which vectors v in R? are perpendicular to the vector u = (2) ¢

Doing the sketch, one easily recognises that, for ex-
ample, v = (_21) is perpendicular to u. Of course, all
multiples of this vector will also work. In general:

jo ? mL+:’;—-

v € R? is perpendicular to u = (ul) = V=2 (—uz) foradeR (2.2)

U9 Uy

Rule of thumb: orthogonal vector in R?

To find a vector that is orthogonal to (z), exchange the x and y and write a minus
sign in front of one of the two.

Looking at (2.2), we can reformulate:

u= (ul) and v = <Ul> are orthogonal & (vl) = )\<—u2> foralheR
Uo (%) V2 Uy

(P V,,=-7“.. wmd V, = Qu, "

<=> Uy V= (_23-)“1 ocr U, v, »-_(3’:3)“4

TV, T-vy
=4 U1V = —UgV2
54 ULV + U = 0

Hence, this means that (;‘;) and (Z;) are orthogonal if the calculation of ujv; + usvy gives
us 0. Therefore, the term wu;v; + usvy is used to define the so-called inner product or

scalar product.
,\is N(A‘J l‘o O a\‘jlc
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Definition 2.4. Inner product: (vector,vector) = number

For two vectors /

2
u v
u= ( 1), vV = < 1) € R? the number (W, V) := w1 + uge = Z’Uﬂ)i
=1

is called the (standard)dinner product of u and v. Sometimes also called:
(standard) scalar product.

Definition 2.5. Orthogonality of two vectors in R?

Two vectors u and v in R? are called orthogonal (or perpendicular) if (u,v) = 0
holds. We also denote this by u L v

By using Pythagoras’ theorem, we can calculate the length of the arrow in the coordinate
system.

Y,
Length of v = \/v? + v3 /V/ V22
Vi€1 (] .

Obviously, we can also define it by using the inner product:

| Definition 2.6. Norm of a vector in R?

For a vector

_ (Y 2 . o2 2
V= (UQ) €eR the number vl := \/(;/\, V) = /v + 03
\f

is called the norm or length of v. Sane vects-
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Lines in/R?

For describing points in the plane, we can use the position vectors and just use the vector
operations to define objects in the plane. One of the simplest objects is a line g inside
the plane:

First case: The origin lies on the line g.

, ;o= () ()

Ffe NER

~

N

N

N\

Lne j (G a horme Vzc‘{dr h (0(‘+Lvahu( 'Iaj)

y.
j: {«”{‘;w wclus 'ILJ' Art QFIL'-JMJ {s MS

X

0=<(5),(7)> = ¢x+pr

g:{VeRQ:(n,v):()}:{@/ERQ:ax—i-ﬁy:O}.

v (n,v)

B g () y 7@ @> ey =0

(«)
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Second case: General case.

"4 A‘u’ bn J &> <h, v-,»> =0

@ (5) ()-> =0
S <)+ ply-p) = ©
(=0 o<V+fay “-o(f,,-IFf.. ::’S_

/\___-_‘

| Lines in the plane R?> (Equation in normal form)

For each line<g, one has the following representation:
g={VER?: (n,vi— p) :0}:{(5) € R*: az + By = 0}

with 6 = ap; + Ppy = ((g), (g;)> = {(n,p). If the origin lies on g, then'd = 0
(choose p = 0).

FX&I’E J = i(’;)CRI: y:.?x+l,§ h:(_:;) / §=-b




2.3 The vector space R" 9

2.3 The vector space R”

?\ R'L(X) 7\ R’ x) /\ ’Rn ):/4
Y .

| " A E— =

AER, v= = Av=\|: = :
Un Un /\Un

G, -, %) P R

Ul U1 Ui U1 ul_i_vl
u= | |ov= | =  utv=|: ]+ |=|
Un Un I Unp Un Up + Up

mﬁ@:ion 2.7. Vector space R"

The setR™ =R X --- X R s called the vector space R"™ if we write the elements in

column form
" S~ will, + , -

v=|: with Vi,...,0, ER
Up,

and use the vector addition and scaling from above. The number v; are called the
1th component of v.

('Rh, 'l’) Co'\.nw“'nl‘l’n Jnmf

Proposition 2.8. Properties of the vector space‘R"

The set V.= R"™ with the addition + and scalar multiplication - fulfils the following:

(1) Vv,w eV : V+w=w+vV (+ is commutative)
(2) Yu,v,w eV : ut (vEw)=(utv)Fw (+ is associative)

- (8) There is @ zero vector o € V with the property: Vv € V gilt: v+ o0 =v.

(4) For all v € V there is a vector —v € V with v + (—v) = o.

(5) For the number 1 € R and each v € V', one has: 1-v =v.

(6) Vo, B € R VWweV: A(u-v) = (M) -v (- is‘assocmtiv(;}

(7)VAeER VWv,weV: A (v+w) = (A-v)+(A-w) (distributive -+)

(8) VA, p € R VWweV: (AFw:-v = A-v)+(u-v) (distributive +-)

Each set V' with an addition and scalar multiplication that satisfies the eight rules above
is called a-vector space.  We will come back to this in an abstract sense later. First we
will use this notion to talk about vector spaces inside R".
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_I Definition 2.9. Zero vector and canonical unit vectors |

For ¢ = 1,...,n, we denote the ith canonical unit vector by e; € R" and the
zero vector by o € R™, which means:
0 1 0 0 0
0 0 1 0 0
0= > € = B, €2 — a y €p—1 = s en=
0 0 0 1 0
0 0 0 0 1
n
VER :  VaVees .- 4+Vvg, =5 Ve
(=

2.4 Linear and affine subspaces (and the like)
e -

A l‘"‘}'&;,m

>
=

‘H’nc 3 ulifuu.

i

Linear subspaces

Rule of thumb:

Linear subspaces correspond to lines, planes,... through the origin.

| Definition 2.10. Subspaces in R"

A ((nonempty) subset U C R™ is called a(linear) subspace of R™ if all linear com-
binations of vectors in U remain also in U:

k
uy,...,us €U A,..., s €R = Z/\jujeU.

j=1

VPP ,L'u-f :-‘\.rrs“

I > 1 >
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N
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Fach linear subspace U of the vector space R™ is also a vector space in the sense of
the properties given in Proposition 2.8.

Linear combinations remain in U (by definition), and rules are inherited from V.

| Proposition 2.11. Characterisation for subspaces

Let U C R™, such that

uveU; A\ueR — Mu+uvelU. (2.3)

Then U is already a linear subspace.

Proof. We do the proof by induction for k vectors like in the definition of a subspace:
Induction hypothesis (IH): Linear combinations of k vectors remain in U.
Base case (BC): For k = 2. This is exactly given by equation (2.3).

Induction step (IS): k — k+ 1. Let uy,...,upyq € U and Aq, ..., Apyq be given. We can
write:

k+1 k
vV = Z )\Ju] = (Z )\]u]> +)\k+1Uk+1
j=1

Jj=1
~———
=W 2 7

=W+ Mpipg1 €U

By our induction hypothesis, w € U because it is a linear combination of k vectors. Thus,
v € U as well because it is a linear combination of w and g1, see (2.3). O

__4

§ove Jsj %) i Wey=o
S a suls
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Rule of thumb: Subspace

A set U s a subspace if, by applying the operations + and \- on elements of U, one

cannot escape the set U.
U= {(NF is wet o cubspace
Linear hull or span {(4)} ;(:) _ E—L;;fae;—
1/ — \2 .

If we take a set of vectors M C R", we can create a linear subspace by building all possible
linear combinations:

| Definition 2.12. Span
Let M C R™ be any non-empty subset. Then we define:

k ~
Span (M) = {u e R":(3\; e R,u; € M such that u = Z)\juj} .

J=1

This subspace is called the span or the linear hull of M. For convenience, we define
Span(@) :={o}.

/\ ///—- Span U(:)} ) /\ 5 (H) :'2()%) V,Yem’i

o~ - =

>

Rule of thumb: All linear combinations form the span

Every vector in Span (M) can be written (possibly in several ways) as a'linear com-
bination of elements of M. Vice versa, every linear combination of M is contained
in Span (M).

Gpoo(Fuiwd) = fpmlom, e ) (D)) = Line
u=jfnu(_h4,...’uk) U sz.whd by 1h vechss

Uy, Yk

Example 2.13. The vector space R" is spanned by the n unit vectors:

0
1

[enNew]

0
0

€ = y €2 = y cees €po1 = : y €n =

(el g

O

0 0
0 0

because v = Y7 | v;e; for all v.€ R™. In short: R" = Span(ey, ..., e,).



